FTUV-04-0908 IFIC-04-50 
September 8, 2004 
Ann. Phys. 317, 238-279 (2005) 



Vv On the formulation of D=ll supergravity and the 

o ' 

^ ■ composite nature of its three— form gauge field 

Igor A. Bandos^*, Jose A. de Azcarraga^, Moises Picon^ and Oscar VareW 

> 

O . 

^ Departamento de Fisica Teorica, Universidad de Valencia and IFIC (CSIC-UVEG), 
. 46100-Burjassot (Valencia), Spain 

* Institute for Theoretical Physics, NSC "Kharkov Institute of Physics and Technology", 
■ UA61108, Kharkov, Ukraine 



(D 

^. . 

Abstract 

' The underlying gauge group structure of the D — 1 1 Cremmer- Julia-Scherk supergrav- 

ity becomes manifest when its three-form field ^3 is expressed through a set of one-form 
gauge fields, B" 1 " 2 , iJ" 1- "° B , ry la and E a , ifj a . These are associated with the generators of 
the elements of a family of enlarged supersymmetry algebras g( 528 l 32 + 32 ) ( s ) parametrized 
by a real number s. We study in detail the composite structure of ^3 extending previous 
results by D'Auria and Fre, stress the equivalence of the above problem to the trivi- 
alization of a standard supersymmetry algebra (£( n l 32 ) cohomology four-cocycle on the 
enlarged <£( 528 l 32+32 )(s) superalgebras, and discuss its possible dynamical consequences. 
To this aim we consider the properties of the first order supergravity action with a com- 
posite A3 field and find the set of extra gauge symmetries that guarantee that the field 
theoretical degrees of freedom of the theory remain the same as with a fundamental A3. 
The extra gauge symmetries are also present in the so-called rheonomic treatment of the 
first order D — 11 supergravity action when A 3 is composite. Our considerations on 
the composite structure of A3 provide one more application of the idea that there exists 
an extended superspace coordinates/fields correspondence. They also suggest that there 
is a possible embedding of D = 11 supergravity into a theory defined on the enlarged 
superspace S( 528 l 32 + 32 ) ( s ). 



PACS numbers: 11.30.Pb, ll.25.-w, 04.65.+e, ll.10.Kk. 



1 Introduction 



Already in the original paper |I| where the standard D = 11 supergravity theory was in- 
troduced, Cremmer, Julia and Scherk (CJS) considered its possible association with a gauge 
theory and suggested that the gauge group could be related to OSp(l\32). However, the ex- 
plicit form of such a connection was unclear as e.g., an Inonii-Wigner contraction of OSp(l\32) 
did not allow for the spin connection among the set of gauge fields. Also the relation of the 
three- form gauge field A 3 = -^dx^ A dx u A dx p A puil {x) with such a Lie superalgebra was 
unclear . The problem was addressed in jKj where it was found, in particular, that the three- 
form A3 of CJS supergravity can be expressed through the graviton E a (x) = dx^e^x), 
the gravitino tp a (x) = dx^ip l ^{x), the additional bosonic one-forms Bf b (x) = dx fJ- B° l b (x), 
B^ 1 "' a5 (x) = dx fl B a l 1 "' a5 (x), and an additional fermionic one- form r)\ a (x) = dx^"rjfj, a (x). 

Although the presence of additional fermionic fields is undesirable for the standard eleven- 
dimensional supersymmetry, the presence of the rj pa field is not a problem in the context of 

First, it corresponds to central fermionic generators. Secondly, the additional gravitino- 
like field rj^a appears in the description of D = 11 supergravity only through the three- form 
field .A3, which is considered as a composite of the 'old' (E a , ip a ) and 'new' (Bf b ,Bf bcde ,r]i a ) 
fields, 

A 3 = A 3 (E a , r ; Bf, Bf cde , Vla ) ; (1.1) 

the new bosonic fields also appear through A3 only. 

The composite structure in Eq. Ql.l|) suggests [3] a possible underlying gauge symmetry of 
the D = 11 supergravity. The new fields B® b (x), B abcde {x), r] pa (x) may be treated as gauge 
fields associated with new antisymmetric tensor generators Z a b = , Z a b c d e = Z[ abcde j and a 
new fermionic generator Q' a , which extends the super-Poincare algebra in which Q a , P a and 
correspond to the gravitino field tp a = dx p ip p (x), the graviton E a {x) = dx^e^(x) and 
the spin connection uj ab = dx fl uj i b (x). The possibility of constructing A^p from the above 
set of gauge fields fixes the free differential algebra of Bf b (x), Bf bcde (x), r)\ a (x) and, hence, 
the algebra of generators P a , M a b, Q a , Z a b, Z abc( i e , Q' a [3] (see below and Sec. H] for details). 
Two possible superalgebras allowing for a composite nature of A3 were found in we will 
call them 'D'Auria-Fre superalgebras'. Both of them are central extensions of the M-theory 
superalgebra or M-algebra [5] (see also |7j) 2 , 

{QonQfi} = Paj3 , [Paf3,P-yS] = , 

Pq/3 = Pf3a = Pa^a/3 + ^ab^afi + Za 1 ...a 5 T'£p" a5 , (1.2) 
[Qa,Pfr] = 0, (1.3) 

by a new fermionic central charge Q' a . These algebras are defined by Eqs. (|l,2j) plus 

[Pa,Qa] = 8(r a Q') a , 
[Zab,Qa] = ill(PabQ')a > 
[ZabcdeiQa] = 12^ abcdeQ' ) a , 

[Q' a , all} = 0, (1.4) 

1 See 2 for an interesting treatment of p-form gauge fields as Goldstone fields of Lie superalgebras, |3] 
for the corresponding sigma model-like action for supergravity and 0] for a reformulation of 11-dimensional 
supergravity as a theory of the graviton, the gravitino and an independent spin connection in which A3 is 
treated as a composite of E a , ip a and uj ah . 

2 See HOE] and refs. therein for further generalizations of the M-theory superalgebra and for their structure. 
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for two sets of specific values of the constants 5, 71,72- In general, Eqs. (|1.2() . (|1.4j) define 
a one-parametric family of superalgebras, since the allowed values of constants 5, 71,72 are 
restricted [S] only by the Jacobi identity 

5 + IO71 - 6! 72 = ; (1.5) 

one parameter, 71 if nonzero and 5 otherwise, may be absorbed in the normalization of the 
central fermionic generator Q' a and (in this sense) is inessential. 

The essential parameter s distinguishing the non-isomorphic members of the family (£(s) = 
g(528|32+32) ^ Q £ ^ e f erm i on i c central extensions (hence 32 + 32 and not just 64) of the 
M-algebra can be introduced e.g. by parametrizing 5, 71,72 as follows: 

27i I 72 = 2 7 l(f + Jt) ■ V ; 

(this makes sense for 71 7^ 0; to apply this for 71 = one should consider the limit 71 — » 0, 
s — > 00, 71s = 5/2 — > finite). The properties of the two specific D'Auria-Fre superalgebras 
((£(3/2) and (£(— 1) in the above notation) did not have a clear origin. This question was 
taken up in [II] and, in particular, whether these two superalgebras could be contractions of 
osp(l|64) or su(32|l). The answer was negative, and the authors of jTJ noted the possibility 
of looking at non-semisimple supergroups involving OSp(l\32) in such a context. 

Recently we have found ^0] that all the s 7^ members of the family l£(s) allow for a com- 
posite ^3 expressed in terms of one-form gauge fields. This implies that D=ll supergravity 
possesses a gauge symmetry under the S(s / 0)K> 50(1, 10) = £( 528 l 32 + 32 ) ( s ^ o)x> 50(1, 10) 
supergroup associated with the (£(s 7^ 0)5 so(l, 10) Lie superalgebra. This underlying gauge 
symmetry is hidden in the original CJS formulation but becomes manifest in the D=ll su- 
pergravity with a composite ^3. 

Although the presence of a family of superalgebras (£(s 7^ 0)tB so(1,10), rather than a 
unique one, may indicate that the found answer on the hidden gauge group structure of the 
D = 11 supergravity is not the final one, the origin of these hidden symmetry supergroups 
is now clearer ^U]. Firstly, all the corresponding supergroups S(s 7^ 0))D ,50(1,10) are 
nontrivial deformations of £(0)>D 50(1,10), and the latter, as well as S(0)>D Sp(32) D 
S(0)E) 50(1, 10) are expansions 4 of the 05p(l|32) supergroup [HI] . 

In this paper we give further details of the derivation of the above results on the composite 
structure of the ^3 three-(super)form i.e., of the hidden gauge symmetry of D = 11 super- 
gravity under (any of) the S(s 7^ 0)x> £0(1, 10) supergroups, and study some of its possible 
dynamical consequences. To this end we consider the spacetime (component) approach, the 
standard superspace one and the intermediate rheonomic ^103^11 approach to CJS D = 11 
supergravity when the A3 (super)field is composite. To this aim, we consider the original 
proposal 5 of substituting Eq. (jl.lj) for ^3 into the first-order formulation of D = 11 su- 
pergravity action (also proposed in 0, see also JE] 5 )- We find that such a dynamical system 

3 We shall denote by l£ ((£) the supersymmetry (enlarged supersymmetry) algebras associated with the 
corresponding rigid superspace supergroups, denoted E (E). The symbols E, E will also be used to denote the 
corresponding non-flat superspaces (in which case there is no group structure) without risk of confusion. 

4 The expansion method 1121 II3| is a new method of generating new Lie algebras starting from a given 
algebra. It includes I13| the Inonii-Wigner and generalized contractions as a particular case, but in general 
leads to algebras of larger dimension than the original one. 

5 The action of [51llfci| is first order both for the gravity part and for the A3 field. An action that is first order 
with respect to the gravitational part but second order in A3 was constructed in a first order formulation 
in Az but with a composite spin connection was given in |17|. 
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presents 'extra' gauge symmetries [denoted 'extra' to distinguish them from those associated 
with E(s ^ 0)E> SO(l, 10)]. These make the number of degrees of freedom with a composite 
A 3 the same as those of the standard CJS supergravity PQ. 

The extra gauge symmetries resulting from the composite structure of A3 are also present 
in the 'rheonomic' action (141 115j for D=ll supergravity 5 . This is given by the first order 
action |5J where all the fields are replaced by superfields and the integration surface is 
an arbitrary bosonic surface Ai 11 in standard superspace £( n l 32 ). This composite structure 
of A3 makes natural to consider A4 11 in the reonomic action as a surface in the enlarged 
superspace E(s) = E( 528 l 32+32 )(s). This suggests an embedding of D = 11 supergravity 
into a theory in a D = 11 enlarged superspace 

f](528|32+32) ( s ^ ). This is supported by 
observing that, as we stress in this paper, the search for a composite structure for the A3 
field along is equivalent to solving the problem of trivializing a Chevalley-Eilenberg 
|18j (CE) four-cocycle of the standard supersymmetry algebra l£ = (£( n l 32 ) cohomology. This 
requires moving from (£( n l 32 ) to l£ = (£( 528 l 32 + 32 ) ( s ^ 0), the supersymmetry algebra of the 
rigid enlarged superspace $]( 528 l 32 + 32 ) ( s 0). In this perspective the composite character 
of the A3 field, i.e., the fact that it may be written in terms of one-form fields associated 
with a larger supersymmetry group, can be considered as a further example of the extended 
superspace coordinates/(super)fields correspondence 6 . 

The paper is organized as follows. In Sec. 2 we present a brief review of the standard su- 
perfield (Sec. 2.2), spacetime component (Sec. 2.1, 2.4) and rheonomic (Sec. 2.5) approaches 
to D = 11 CJS supergravity. We point out the role of free differential algebras (FDAs) in 
the supergravity description (Sec. 2.3), describe their relation with Lie superalgebras and en- 
larged superspaces and stress, in this perspective, the peculiarity of D = 11 supergravity due 
to the presence of the three-form field 7 A3. As we discuss in Sec. 3, A3 cannot be associated 
with a Maurer-Cartan (MC) form of a Lie algebra; rather, dA% is associated with a nontrivial 
CE four-cocycle of the ^( 11 l 32 ) cohomology. In Sec. 4 we give the details of the derivation 
of our recent result P23] on the expression of A3 in terms of the one-form gauge fields of a 
one-parametric family of superalgebras, which are nontrivial deformations of an expansion of 
the osp(l|32) superalgebra denoted osp(l|32)(2, 3, 2) (see ^H] for the notation). We stress the 
equivalence of this problem to that of trivializing the (£( n l 32 ) CE four-cocycle on the extended 
algebra (£( 528 l 32 + 32 ) (s), and describe how our family of composite A3 structures includes the 
two D'Auria and Pre ones as particular cases. Another member of our family gives a particu- 
larly simple form of A3 that does not involve a five-index one-form gauge field. In Sec. 5 we 
study the consequences of the composite structure of A3 for the first order supergravity action 
(Sec. 5.1) and find a set of extra gauge symmetries which reduces the number of degrees of 
freedom to those of the action with a fundamental or 'elementary' A3 field. These extra gauge 

6 The idea of field-space democracy is explicitly stated in Berezin |20| ('supermathematics... contains a hint 
about the existence of a fundamental symmetry between coordinates and fields') and is implicit in the work 
of D. V. Volkov |21) . The field-space democracy framework was further discussed in |22| in the context of 
the Ogievetski-Sokatchev formulation of D = 4 N = 1 superfield supergravity. The case for a (worldvolume) 
fields/extended superspace coordinates correspondence principle for superbranes has been advocated in |§] (see 
also |28) in the context of K-symmetry). 

7 Notice that other higher dimensional supergravities also include higher form fields. For instance, D—10 
type IIB supergravity includes the RR (Ramond-Ramond) four-form C4 and two two-form gauge fields, the 
NS-NS (Neveu-Schwarz — Neveu-Schwarz) two-form B2 and the RR one C%. Thus, our discussions on enlarged 
superspaces and hidden gauge symmetries are relevant there too. 

Notice also the appearance of 32 fermionic additional coordinates (associated with the Green algebra) in a 
recent analysis of covariant superstring quantization |19| . 
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symmetries are also shown to be present in the rheonomic action (Sec. 5.3) with a composite 
^3, which then can be treated as an integral over an eleven-dimensional bosonic surface in 
the enlarged superspace 

£(528|32+32) (s)> Xhig 

suggests an embedding of D=ll supergravity 
in a theory defined on such an enlarged superspace. Our conclusions are presented in Sec. 6. 



2 Free differential algebras, superspace constraints and first 
order action of D = 11 supergravity 

2.1 Differential forms in D = 11 supergravity 

Any formulation of CJS supergravity involves the graviton, e^(x), the gravitino ip®(x), and 
the antisymmetric tensor field A fllfl2fl3 (x), as well as the spin connection uj® b (x). This last one 
is considered to be a composite of physical fields (in the second order approach) or becomes 
composite on the mass shell (in the first order approach, see [5} [TBI H6p- All these fields 
may be associated with a set of differential forms on D = 11 spacetime M 11 

E a {x) = dxPe°[x) , i> a {x) = dx^(x) , 
A 3 (x) = ^dx^ A dx^ A dx^A^^x) , 

uj ab {x) = dx»ujf{x) . (2.1) 
Further one may introduce the gauge field 

M{x) = ^dx^ A ... A dx^A^...^ (x) ; (2.2) 

its field strength ^7(3;) = dA§ + A3 A dA$ is dual to the field strength F$(x) = dA% of A^(x), 
F 7 (x) = *F 4 (x) (see Eq. (l2~21) below). 



2.2 On— shell superspace constraints for D — 11 supergravity 

The above fields may also be associated with a set of superforms on the standard D = 11 
superspace X^ 11 ! 32 ) with coordinates Z M = (a^,^), 

E a (Z) = dZ M E a M (Z) , 

iP a (Z) := E a {Z) = dZ M E% I {Z) , (2.3) 
E A := (E a ,E a ) , (2.4) 

A 3 {Z) = ^dZ Ah A dZ M * A dZ M ^A M , iM2Ml (Z) ee A^ 1 A E M A E A * A a ,a 2Ai (Z) , (2.5) 

uj ab (Z) = dZ M ufj(Z) ee E c ujq{Z) , (2.6) 

MZ) = 7ndZ Ml A ... A dZ Mfi Am 6 ...m 1 (Z) , (2.7) 
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R ab 



provided these superform potentials obey the superspace supergravity constraints HS1 HH] 
T a = -iE a A Et*T%p , (2.8) 
T a = -^E a A E? (^F aciC2C3 r c ^ + ^F ClC2C3C4 r aciC2C3C4 ^ + X -E a A E b T ha a {Z) , (2.9) 

: E a A E@ ^-l F abc ^T clC2 + _l.(*F) at>Cl -^r ci ... C5 ) + 

+£ c A .E a (-iT abf3 T cPa + 2iT c [ a/3 r% a ) + A E c R cd ab (Z) , (2.10) 
^4 := dA 3 = ±E a AEPAT® + ±E c * A . . . A £ Cl F Cl ... C4 (Z) , (2.11) 
JT 7 := dA 6 + J 4 3 A^3 = ^ Q A J B' 3 Af2 + is C7 A...A^ Cl F Cl ... C7 (Z) . (2.12) 

In the above Eqs. (|2.8jl — (|2.12|l T a , T a , R ab are the torsion and curvature two- forms, 

T a ._ DE a(z) := dE a — E b A to b a , (2.13) 
T a = DE o>( Z ) := dE « _ E P A U/} a ) (2.14) 

R ab := duj ab — UJ ac A oo b , (2.15) 
u> ab is the spin connection, 

cV* := \u ab T ahp a , (2.16) 

^4 = (M3 and T-j = dA§ + A3 A dA% are the field strength superforms, and we have used the 
notation 

f S == A...A^r a ,.. a5Q/3 . (2.17) 

As discussed in [2U HH1 E3 , the study of the Bianchi identities 

DT a = —E b A R b a , (2.18) 

DT a = -E 13 A Rp a := —E$ A R ab T abp a , (2.19) 

DR ab = , (2.20) 
CLF4 = , (2.21) 
<LF 7 - T A A = , (2.22) 

shows that the set of constraints H2.8|) - H2.12[) is consistent provided that the Riemann tensor 
R c d ab and the field strengths of the gravitino (T ab a ) and of the gauge field (F Cl ,„ C4 (Z)) obey 
the (superfield generalizations of the) equations of motion. 



Actually, the system of the constraints (|2.8jl — (|2.12jl is over-complete. This is indicated 
by the fact that the gauge field strengths F Cl .„ C4 (Z) already enter in the expressions for the 
torsion (|2.9|) and the curvature (|2.10f) of superspace. Indeed, the torsion constraints (|2.8|) . 
(|2.9j) and (|2.1()|) already imply the above mentioned dynamical equations and provide the 
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automatic consistency of the remaining constraints Q2.11[) , ()2.12j) , as may be seen by studying 
the Bianchi indentities (|2.18() . (|2.19l) . (|2.20|) (see |27| for an even stronger result). However, 
when the differential superforms A3 and Aq are introduced, the study of the Bianchi identities 
simplifies essentially, which provides a shortcut that was already used in the first papers 
|!2J • For instance, studying the Bianchi identities (|2.21|) with the constraints (|2.8|) . (|2.11jl 
and T a = E b A E@ Tp b a + \E a A E b T ba a (Z) instead of the specific form of if2~3jl . one finds, in 
addition to Dr C5 F clC2C3C4 ] = (indicating that F ClC2C3C4 is the field strength of a A ClC2Cs ) and 
D a F ClC2C3C4 = -3\T[ clc /r c3C ^i3 a , the equation T^T^ = i/3\F abcd F^. The solution 
of this equation expresses Tp b a in terms of F abc( i as given in Eq. (|2.9|) . 

It is especially interesting to see how the gauge field equations appear when also the 
six-superform Aq with the field strength T7, Eq. (|2.12|) . is introduced ;26_. Studying (|2.22|) . 
one finds, in addition to D a F ai ^ a7 = —2HT! a6a7 ^F ai as j^ b a , also the pure bosonic Bianchi 
identities 



7! 

D[ Cl Fc 2 ...c s ] ~ ^^[ Cl ... C4 i? c 5 ...c 8 ] = (2.23) 



and the duality relation for the bosonic fields strength 

F C1 ... C7 = (*F 4 ) C1 ... C7 := ^e Cl ... C7bl ... bi F b ^ . (2.24) 

Inserting the duality relations (|2.24l) into the bosonic Bianchi identities for the dual field 
strength, Eq. l)2.23j) . the (superfield generalization of the bosonic) equations of motion for 
the three-form gauge field are found, 

D [C1 (*F 4 ) C2 ... cs] - JLf [ci ... C4 F C5 ... C8] = . (2.25) 
2.3 Free differential algebra of D — 11 supergravity 

A free differential algebra or FDA |281 03 1151 129j (termed Cartan integrable system in [5]) 
is an exterior algebra with constant coefficients generated by a set of forms that is closed 
under the action of the exterior differential; the MC one-forms of a Lie algebra generate the 
simplest FDA. The supergravity constraints, Eqs. ()2.8|) - (|2.12|) . mav be considered as solutions 
of the equations of a FDA given in terms of differential forms on superspace. To encode these 
supergravity constraints into a FDA one has to (re)define curvatures in such a way that their 
definitions include all the terms with derivatives of forms and the wedge products of forms 



with constant coefficients from Eqs. (|2.18|) - (|2.22|) and, instead of specifying the expressions 
for these curvatures in terms of superfields like F abc d, T ab a , subject them to Bianchi identities 
that are solved by the above supergravity constraints. Note that the notion of abstract FDA is 
more general than the set of supergravity constraints to which it gives rise. First, a FDA may 
be considered as an algebra of forms over spacetime M 11 (in this case the FDA curvatures 
were called "super symmetric" curvatures). But one may also think of it as an abstract FDA, 
where all the differential forms characteristic of D = 11 supergravity 

E a , ip a , u ab , (2.26) 
A3, A 6 , (2.27) 

are treated as independent, abstract forms without specifying the manifold on which they 
might be defined. For one-forms, this is tantamount to saying that these forms are defined on 
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a (group) manifold with a number of coordinates equal to the number of independent forms, 
as in the so-called group-manifold or rheonomic approach |14l 1151 15]. 

The FDA of the standard CJS supergravity is defined by the curvatures of the forms in 
Eqs. Q)J), (t2~2Tl) 



R Q 

R ab 
R4 

R 7 



DE a + iij> a A ^T a ap , 

T a = Di) a := dip a — A 0J P a , 

R ab = duj ab - uj ac A ui b , 



dA 6 + A 3 A dA 3 - A/A f <g , 

satisfying the Bianchi identities (|2.18[) - (|2.22[) . now written in terms of R Q 
PR" := DR a + E b A K b a - 2i^ a A R^r^ = , 



(2.28) 
(2.29) 
(2.30) 

(2.31) 
(2.32) 



R4, R7 



PR 



1 



DK a + A R ab r abf3 a = , 



VK ab 
PR 4 

VK 7 



DR ab = , 



dR 4 +f AR"A + ~i> a A^AE b A R a T aba p = 
dK 7 - ^R 4 + A A A f R 4 + ^ip A 1/} A T^J 



(2.33) 
(2.34) 
(2.35) 
(2.36) 



A R S A + Aij)P A E Ci A ... A E Cl A R a r aCl ... C4a/3 + 



a/a^ a/a r$ a r 



(2) a f (2) 







(2.37) 



In this abstract FDA framework, the counterpart of the complete set of the superspace 
constraints Eqs. I|2.8|l — ([2.12)1 can be written as 



R a 
R4 

R 7 



0, 

F 4 :=^ C4 A... A£ Cl F Cl ... C4 , 
F 7 :=^E C7 A...AE^F r ^„r, , 



7! 



(2.38) 
(2.39) 

(2.40) 



plus more complicated expressions for R a = T a and H ab = R ab , Eqs. I|2.9|) . (|2.1U|) . which can 
be shortened introducing the notation 



t xp a = E b t hp a ■.= ^E a (F aciC2C3 r c ^ c 3 + i FC1C2C3C4racic2C3C4 j a 



in which case they read 



T a = $P A t ip a + -E a A E b T ba a 



R 



ab 



R ab = 2i^ a A ^i a (Q 7 r^ 7 - £ a A ^ Q (iT abp T cf3a - 2iT c \ a '^V) + 



+ l -E d AE c R cd ab 



(2.41) 



(2.42) 



(2.43) 
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Eqs. (|2~3S|) - ((2~1U|) . (E32), (|2~1S|) may be looked at as a solution of the Bianchi iden- 
tities ()2.33)) - ()2.37)) . Their pull-back to spacetime M 11 or to a bosonic arbitrary eleven- 
dimensional surface A4 11 C £( n l 32 ) in superspace or, even, in a larger supergroup mani- 
fold with more coordinates, can be obtained from the group-manifold or rheonomic action, 
S = J M u C xl [E a ^^,A 3 ,F a 

1020304] 0- which we discuss now. 

2.4 First order action for CJS supergravity with 'elementary' A 3 field 
2.4.1 First order component action 

The first order action for CJS D = 11 supergravity, 

S = [ £n [E a , ip 01 , lj^, A 3 , F aia2a3Cl4 ] , (2.44) 
is the integral over eleven-dimensional spacetime M 11 of the eleven-form C\\ |51 116) 

£11 = \R ab A - Dip a A^A f <g + i V° A ^ A (T a + i/2 t/t A V> T a ) A E a A f <g + 

11 1 

+ (cL4 3 - a 4 ) A (*F 4 + 67) + -a 4 A 67 F 4 A *F 4 A 3 A dA 3 A cL4 3 , (2.45) 

2 2 3 

where, following Hi . we have denoted 

a 4 := ^ a AT ( V-.= -^ a A^ 13 AE a AE b r aba p , (2.46) 

67 := A / A f g := A / A E ^ A . . . A ^T a ,., 5 ^ , (2.47) 

and introduced purely bosonic forms F 4 , *F 4 , constructed from the auxiliary (zero- form) 
antisymmetric tensor (see also (|2.39|) . (|2.40|0 

F A ■= ^E a * A...ABX... 4 , (2-48) 
*F 4 := -^ a A 1 7 .. fl / Sl - a4 = ^i? 67 A . . . A £t ,, 7a ,.. fl4 F ai - tt4 . (2.49) 
We also use the compact notation (see Eq. (|2.17(l 'l 

1 (_-t\k{k-l)/2 _ 

r$ : = ^ afc A • • • A £ air V..<^ : = ^! r a * a r A • • • A f (1)& - 1/3 



(2.50) 



and 



riA(ll-fc) 1 R bl A A E 6u -* C2 51") 

^ai-.ak ■ ^ _ j i y t a 1 ...a k b 1 ...b 11 ^ k ^ A . . . A -G; . 

(In the notation of E^~ k) := S ai ... a , and := H***" 1 ^^- 

We remark that the Hodge star defined on the purely bosonic form/tensors does not 
produce any problem in extending (|2.45|) to an eleven-super form on superspace. This allows 
for a 'rheonomic' treatment of the action 1)2. 44J) . 1)2.45)1 310 CHI- In it, the Lagrangian form 
()2.45l) is defined on a standard D = 11 superspace or even on a larger 'supergroup manifold' 
and M 11 becomes an arbitrary bosonic surface M n in that manifold. See Sec. 12.51 for further 
discussion. 
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2.4.2 Equations of motion for ^3 and F a b C( i 

Let us denote the eight-form appearing as the variation of the action (|2.44|) with respect to 
-43 by G 8 , i.e. 

S A S = Jg 8 /\SA 3 , j^- := Gs ■ (2.52) 

Prom Eqs. (|2~1H) . (|2~4"5|) one reads 

G 8 = d(*F A + b 7 -A 3 A dA 3 ) , (2.53) 

and thus the equation of motion for free supergravity in differential form is 

Gs = d(*F 4 + b 7 -A 3 A dA 3 ) = . (2.54) 

This includes the auxiliary field F a b c d = ^la&cd] ( see Q2.49JI ) which on the mass shell is identified 
with the covariant field strengths jSJEl- Indeed, the variation of the action with respect to 
this field has the form 

5 F S = j (dA 3 - a 4 - F 4 ) A *5F 4 = (2.55) 

= -~ J {dA 3 - 04 - Fi) A < 7 .. Q4 5F"* . (2.56) 

Hence, the equation of motion 8S / 5F ai '" ai = can be written as 

* = (dA 3 - a 4 - F 4 ) = . (2.57) 

Notice that Eq. l)2.57j) (see Eq. (|2.46|0 formally coincides with the FDA relations (|2.31|) after 
the solution of Bianchi identities (12.3911 is used. 



2.4.3 Other equations of motion 

The variation of the action ()2.44j) , (|2.45f) with respect to the spin connection gives 

g± = \E$ C A (T c + ir A ^ T% p ) =0 T a := DE a = A ^ 1^ . (2.58) 

This clearly gives the pull-back of the FDA relation ()2.28|) with (|2.38f) for the forms defined 
on M 11 (or defined on a larger superspace but pulled back on M ). Taking in mind the 
algebraic equations l|2.58|) . I|2.57|) . one finds that the fermionic equation for CJS supergravity 
may be written in the compact form ^ 



|| = =► 9 wp := ^Afg = 0, (2.59) 

in terms of a generalized holonomy connection |3L)l 131 j (see Eq. (|2.41|) above) 

f)^ a := d^ a — ipP A w p a = d^ a — ipP A {uj p a + t ip a ) , (2.60) 
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:= u p a + t ip a , up a = l -oJ ab T ab(i a , (2.61) 
Hp" = ±E* (F ablb2b3 T b ^^ + ^ ^ T abl b2bsbiP ^ . (2.62) 

The explicit form of the Einstein equation for D = 11 supergravity 

M 10a := R bc AE^ b 8 c + ... = (2.63) 
will not be needed in this paper. It can be found in |16j in similar differential form notation. 

2.5 Rheonomic approach and 'generalized action principle': 

a way from first order component action to superspace supergravity 

2.5.1 The rheonomic action for supergravity as gauge equivalent to the first 
order component action 

As known already from 0, the action (|2,44|) . (|2.45j) may give rise to the so-called rheonomic 
action |14l I15j . This allows, starting from a component first order action, to arrive at the set 
of superspace supergravity constraints (see also jS2] for a brief selfcontained discussion). 

The rheonomic action is obtained by replacing in the action (|2.44|) , (|2.45f) all the forms on 
spacetime E a (x), tfj a (x), A^(x), ui ab {x) (including zero-forms or fields F abc d{x)) by superforms 
(superfields) on the standard superspace 

S (ii|32) 5 Eqg _ (1231) . TIM , taken on a 

bosonic eleven-dimensional surface Ai 11 in E^ 11 ' 32 ), 

M n . Z M = Z M (x^) = (x^§ & {x)) , (2.64) 



E a (x,8(x)) 
E a (x,6(x)) 
A 3 (x,9(x)) 



In this way, the rheonomic action of the D = 11 supergravity (see 0E1) is given by 



' E a (x) > 




' E a (Z(x)) > 




ip a {x) 


H 




H 


A 3 (x) 




Mz(x)) 




^Fabcdix), 




[Fa^diZix)), 





grh 
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Ai(x", 



M 1 



8 & (x)) 



(2.65) 



(2.66) 



M 1 



where Cn(Z AI ) = Cn(x tl , 6 a ) is given by Eq. (|2.45|) . where all the forms on spacetime are re- 
placed by the superforms (|2.3|) . (|2.4() . <|2.5I) . (|2.6|) on the standard superspace, Cn(Z M (x)) = 
Cu{x^,e & {x)) is the pull-back of C n (Z M 



by the map x i— » Z{x) in (j2,64|) to the spacetime 
M . Thus, in essence, a 'rheonomic' action is given by the integral of a differential D-form 
defined on a D -dimensional surface embedded in a larger manifold (here superspace) and 
where not only the fields, but also the surface itself, are varied. 

In principle, one could also consider M n embedded into the superPoincare group man- 
ifold, thus including the Lorentz group coordinates; the number of independent one-forms 
and the number of coordinates would then coincide. However, this would give nothing new in 
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our perspective 8 . For the standard D = 11 supergravity a complete correspondence between 
different differential forms and coordinates is impossible due to the independent three-form 
field A3. Thus, the apparent lack of gauge theory treatment of D = 11 supergravity makes 
unfeasible to complete the 'rheonomic' or 'group manifold' programme of ^1] for this case. 
This becomes possible if, following ,5], one expresses A3 in terms of products of one-forms. 
We will discuss this in Sec. 5. 

Varying this 'rheonomic action' (|2.66|) with respect to differential forms one obtains a 
set of equations like Eqs. (J23IJ), (J237J), (|23g|) . (|2~^|) . (|2~B^1) . but for forms replaced by the 
superforms on the surface M 11 of Eq. (|2.64|) . 

dA 3 (Z(x)) = a 4 (Z(x)) + F A (Z(x)) , (2.67) 

T a (Z(x)) = -iE a (Z(x))AE^Z(x))T a a/3 , (2.68) 

Gs(Z(x)) = 0, (2.69) 

<t> 10a (Z(x)) = 0, M10 a {Z{x)) = . (2.70) 

Eqs. ()2.67|) . (|2.68f) are just the expressions of the supergravity constraints ()2.11j) and (|2.8() 
on the surface Mr . In Eq. (|2.67|) . ai(Z(x)) is the four-form 04 (|2.46j) on Ai n , 

a 4 (Z(x)) = \e*(Z(x)) A Ef*{Z{x)) A Y%[Z{x)) . (2.71) 

The action (|2.66f) also involves the fermionic field 9 a (x) specifying the surface M 11 C 
j]( 11 l 32 ) ) Eq. (|2.64|) . This field is treated as a dynamical variable, on the same footing as the 
differential (super)forms E a etc. In the original articles |14l I15j (see also jSJ) this corresponds 
to the statement that the surface M 11 itself is varied as the differential form fields are. Thus, 

5M U * 59 & (x) , (2.72) 

and the complete variation of the rheonomic action (|2.66j) reads 



[ 5£u(Z)+ [ Cn(Z) 

Jm 11 J8M 11 



5C n (Z)\ zM=2M(x) + [ 9Cl ^f[ X)) 50*(x) . (2.73) 

The complete set of the equations of motion that follow from the rheonomic action (|2.66f) 
includes, in addition to (|2.67j) . (|2.68|) . ()2.69j) . (|2.7()|) . the Euler-Lagrange equation for the 
fermionic field 8 a (x). It is given by 

SSft d£n(x,9(x)) =Q 



59 & (x) d6 & (x) 

However, this new equation ()2.74() is satisfied identically when Eqs. ()2.67|) - (|2.7U|) are taken 
into account (see |14( I15j ) . To see this one first notices that the variation of the Lagrangian 

8 The inclusion of the Lorentz group coordinates might be, however, relevant in a different context as e.g. , in 
the search for a formulation of higher dimensional supergravity in Lorentz-harmonic superspace (see |33II34| ) 
in a way similar to the original 'internal' harmonic superspace approach of |35| . 
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form L\\ can be written as a Lie derivative L$ = dis + isd, where is is the inner product with 
respect to the vector field that determines the variation. It satisfies Leibniz's rule, 

!j(fi,Afi P ) = A i$Q p + ( — ) p (i$Q q ) A Q p , (2.75) 

for any p(q)-ioim £l p (f2 9 ) (as the one-forms i? a , and the three-form ^3). The variation 
of the rheonomic action (|2.73|) is given by the pull-back of 

5jr u (Z) = i 5 dC n {Z) + d(i s C u {Z)) (2.76) 

where the second term may be ignored in 5Sl± when the surface A4 11 has no boundary, 
dA4 u = [notice that this is not the case for Hofava-Witten heterotic M-theory jSHj, but we 
do not consider this case here] . Thus, 5 S\± = f M n isd£n(Z)+f Mll dCu(x, 9(x))/d9 a (x) 59 a (x) 
and all the equations of motion (|2~BTJ) . <j5jBg|> . (|2~BU|) . (|2~T0|) follow from 

^£11(2)1^=0. (2.77) 

Reciprocally, Eq. (|2.77|) is satisfied for any variation 5 if the equations of motion Q2.67JI , Q2.68JI , 
()2.69|) . (|2.70f) are taken into account. Now, the second term in (|2.73|) comes from a particular 
fermionic general coordinate transformation of the superform, C\i{x,9 + 59) — Cu(x,9) on 
A4 n , and, hence, is also given by the Lie derivative, C\\(x,Q + 56) — Cu(x,9) = —(i$d + 
dis)Cn(x,9), but now with respect to the vector field defining the variation 59 a {x) of the 
fermionic field 9 a (x), 

As a result, Eq. (gHH) reads (cf. Eq. (|2~77j) ) 

s: orh 

-^L-59 & (x) = i^dC^xMx)) = (2.79) 
59 a (x) y ' 

so that it is satisfied identically due to (|2,77|) i.e., when the equations of motion (|2.67|) - (|2.7Ujl 
are taken into account. This dependence of the equation of motion (|2.79|) is just the Noether 
identity reflecting the existence of a gauge symmetry that acts additively on the fermionic 
function 9 a (x), 59 a (x) = (3 a {x). This fermionic gauge symmetry is the symmetry under 
arbitrary 'deformations' (changes) of the bosonic surface M 11 in superspace, 

59 & {x) = (3 & (x) & 5M n = arbitrary . (2.80) 

This independence on the location of the bosonic surface M. 

11 in S (ll|32) ig 

the basis for the 

formulation of the rheonomic or "generalized action" principle. 

Let us stress that, although the above proof uses on-shell arguments (usual in the language 
of the second Noether theorem), as Eq. (|2.77|) collects the equations of motion (|2.67j) - (|2.70|) . 
the variation (|2.8(Jf) provides a true gauge symmetry of the action ()2.66j) 9 . In particular the 
transformations of this symmetry can be used to set 9 a (x) = i.e., to identify M 11 with the 
bosonic body M 11 of superspace. Hence one sees that the rheonomic action of supergravity 
is gauge equivalent to the component first order action defined in terms of the spacetime 
component fields. 

9 What happens is that the variation of the a (x), which enters as a parameter of superforms, is compensated 
by the appropriate variations of the functions {E%j etc.) in these superforms; see 1321 for further discussion. 
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2.5.2 Generalized action principle: rheonomic action plus 'lifting' to superspace 

What is new in the rheonomic action with respect to the component one is that it produces 
equations that are valid on an arbitrary surface A4 11 in standard superspace. Moreover, it 
has a gauge symmetry that allows for arbitrary changes of this surface, Eq. (|2.8U|) . As a 
result the (differential (super)form) equations of motion, Eqs. (|2.67j) - (|2,7U|) . are valid on an 
arbitrary surface in superspace. Furthermore, since the set of all these surfaces span the whole 
superspace, this suggests that one may try to extend or 'lift' these equations from a surface 
A4 n in superspace to superspace itself, i.e. to substitute the fermionic superspace coordinates 
9 and d9 for the fermionic coordinate functions 9{x) and d6{x) in them. This procedure, the 
so-called rheonomic lifting, is not a consequence of the rheonomic action (|2,66|) , but rather an 
additional step, the consistency of which needs to be checked. Although such a consistency 
is not guaranteed (see [22j an d refs. therein for a discussion), it works for the standard 
CJS supergravity: lifting Eqs. (|2.67|) . (|2.68j) to the standard superspace one arrives at the 
standard superspace E( n l 32 ) constraints, Eqs. (|2.11|) and (|2,8|) . All other constraints (|2,9I) . 
(|2.1fl|) as well as the consequences of the superfield relations that follows from the lifting of 
the dynamical equations (|2.69j) . (|2.7(Jf) can be reproduced by checking the consistency of the 
superspace constraints ([2.8)1 and (|2.11|) . i.e. by studying the Bianchi identities (see Sec l2.2j) , 
Thus, and precisely in this sense, the rheonomic action 1)2.66(1 provides a bridge between the 
spacetime component action and the standard superspace formulation of supergravity. Con- 
sidered together with the second step of rheonomic lifting this action leads to the 'generalized 
action principle' ^1] (see also [37]) which reproduces the D = 11 superspace supergravity 
constraints. In Sec. 5 we will see that the rheonomic action with a composite ^3 (Sec. 4) 
leads us naturally to an enlarged superspace with additional bosonic and fermionic coordi- 
nates in the sense that M 11 may be understood as an arbitrary surface in this superspace. 
But before turning to the composite structure of ^3, let us discuss the relation of the FDA 
in Sec. 2.3 with the rigid standard superspace, the supergroup manifold of the supertrans- 
lation group, and show that the A3 (super)form is the potential three-form of a nontrivial 
Chevalley-Eilenberg four-cocycle on the standard supersymmetry algebra (J^ 11 ! 32 ). 

3 Rigid superspaces as supergroup manifolds: From FDA to 
Lie algebras, CE cocycles and enlarged superspaces 

To make clear the relation of a FDA with a supergroup manifold, let us consider the one 



defined by (|2~2%j) . fiTM . (I2~3U1) setting the curvatures equal to zero, R a = 0, R Q = 0, K ab = 0. 
The resulting equations are the Maurer-Cartan (MC) equations of the superPoincare algebra 

dE a = E h Auj b a -i^) a A^T a a/3 , (3.1) 

difj a = A up a , (3.2) 

du ab = uj ac AuJ c b . (3.3) 
One may easily solve these equations by 

cj ab = , V° = n Q = d6 & 5 & a := d6 a , 

E a = IP := dx»5^ a - idOT a 6 ; (3.4) 
where IP, Tl a are the (MC) one-forms of the standard supersymmetry algebra (£ = (£( n l 32 ), 

{Q a ,Qp} = T a af3 P a . (3.5) 
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Considered as forms on rigid superspace 

( S (D|n) in genera i) ; 

one identifies x a and 9 a with 

the coordinates Z M = (x a ,9 a ) of this superspace. Notice that the standard D=ll rigid 
superspace is the group manifold of the supertranslations group £( n l 32 ). When E a = IP and 
ip a = J[ a are forms on spacetime, x a are still spacetime coordinates while 9 a are Grassmann 
functions, 9 a = 9 a (x), the Volkov-Akulov Goldstone fermions |38| . 

Thus, when the curvatures in Eqs. (|2.28[) . (|2.29|) . (|2.3UI) are set to zero, the one-form 
gauge fields E a and ip a of supergravity become identified with the MC forms of (£( n l 32 ) which 
have a natural representation as one-forms on rigid superspace £( n l 32 ). If we now look at the 
D = 11 supergravity FDA, it is also natural to ask what is the 'flat' limit of the three-form 
gauge field A3. To answer this question we set further R4 = in (|2.31|) and find (M3 = 
where u>4 is the 'flat value' of the bifermionic form 04 in Eq. (|2.46j) . 

dA 3 = w A := --U a A IT 9 A IT 1 A U b T ab Q/3 . (3.6) 

The r.h.s. of this equation, W4, is a supersymmetry invariant closed four-form. It is also 
exact (trivial) in the de Rahm cohomology, = dw3(x,9), but the three-form Wi{x,9) 
is not invariant under rigid supersymmetry transformations 10 since ws(x,9) involves the 
Grassmann coordinates 9 explicitly (not through the MC one-forms II a and IP). In fact, 
the superspace three-form w^{x,9) is well known, as its pull-back to the worldvolume W 3 
is the Wess-Zumino term in the D=ll supermembrane action [22] . Thus, W4 := du>3 (eL4 3 ) 
defines as a nontrivial (£( n l 32 ) CE four-cocycle, since it is not the exterior derivative of an 
invariant form on £( n l 32 ). To trivialize this CE cocycle i.e., to write W3 in terms of the 
MC forms of some superalgebra, one may, following the point of view of |4()| IHj. enlarge the 
superspace group manifold £ (superalgebra (£) to S ((£) by adding a number of additional 
bosonic and fermionic coordinates (generators) (see ^0] and Sec. 6 for further discussion). 
We will show below that such extended superspaces [supergroups] E exist, with 528 bosonic 
and 64 fermionic dimensions, and that they can be identified with the nontrivial deformations 
£(528|32+32)( s ^ Q ) of the supergroup manifold x;( 528 l 32 + 32 ) (0) [TU], the algebra of the latter 
being related to an expansion ^j] of osp(l\32). 

Before turning to the trivialization of the £( n l 32 ) four-cocycle on the Lie superalgebra 
£(s) = g( 528 l 32 + 32 ) (s) and to the equivalent problem of finding the composite structure of the 
A3 field of CJS supergravity in terms of (£(s) gauge fields, let us comment on the 'flat' limit 
of the dual six-form field. Setting R7 = 0, one finds from (|2.32|) 

dA 6 = -A 3 A cL4 3 + A IT 3 A IT 15 A...An ai r ai ... a5Q/3 :=-^ 3 A^ 3 + 6?, (3.7) 

where 67 is the 'flat' value of the bifermionic seven form 67, Eq. (|2.47l) . The consistency 
condition ddAQ = is satisfied due to (|3.6|) and the D=ll identity 

T a {a ^- b \ S) = 3F^ {a pT b ^\ S) . (3.8) 

However, dA§ is not a CE seven-cocycle on (£( n l 32 ) because, as stated, the three-form A 3 = 
W3(x,9) is not invariant under the standard supersymmetry group transformations. This, 

10 Note that, under local supersymmetry, 8 e As = —^d6 a A II a A H b Tataps 13 ^) + da.2 , where we allow 
for the presence of an arbitrary 2-form «2 which could be identified with the parameter of the three-form 
gauge transformations; for the general FDA case, where the curvatures are nonvanishing, defining S e As — 
— \%ji a A E a A E b r a b a/3 ^{x) + da.2 one finds that R4 is invariant under local supersymmetry. 
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however, is the case on the S( 528 l 32+32 )(s + 0) superspace, where, as we show in the next 
section, dA^ itself is 'trivialized' i.e. A3 is expressed as a product of the MC one- forms 
invariant under the enlarged supersymmetry group x( 528 l 32 + 32 )( s 7^ 0). It would be interesting 
to see whether the cocycle 1)3.7)1 is already trivial on the |]( 528 l 32 + 32 ) (s ^ 0) superspace or 
whether a further extension is needed. Another, equivalent, formulation of the same problem 
is whether the six-form Aq may be expressed, as A3, in terms of the f]( 528 l 32 + 32 ) ( s 0) gauge 
fields. This corresponds to looking for an underlying gauge group structure for the selfdual 
formulation of D = 11 supergravity |3J (see also 0). 

4 Trivialization of the four-cocycle and the underlying gauge 
group structure of D=ll supergravity 

The general FDA defined by the set of Eqs. ()2.28j) . (|2.29|) . 1)2 .30 J) may be treated as a 'gauging' 
of the super-Poincare group described by the superPoincare algebra MC equations ()3.1|) , 1)3.2)1 , 
(P0)l . In D = 4, where the supergravity multiplet consists of the graviton and the gravitino, 
this allows one to state that supergravity is a gauge theory of the superPoincare group (see 
references in and |42j ) . The one- forms E a (x), i^ a (x), uj ab (x) are then treated as gauge 
fields for local translations (or general coordinate transformations), local supersymmetry and 
Lorentz rotations. However, for D = 11 CJS supergravity this is prevented by the presence 
of an 'elementary' three- form gauge field A%(x). 

4.1 The g( 528 l 32 + 32 )( s ) family of superalgebras 

As stated in jS], the problem is whether the FDA (|2~2S|) . 1(233]) . (|2~3T))) may be completed with 
a number of additional one-forms and their curvatures in such a way that the three-form A3 
obeying ()2.31l) is constructed from one- forms, becoming composite rather than fundamental 
or 'elementary'. This problem is equivalent to trivializing the £( n l 32 ) four-cocycle dA^ = W4, 
Eq. 1)3 .6|) . on the algebra of an enlarged superspace group. 

Indeed, A3 may be constructed in terms of the graviton, gravitino, an antisymmetric 
second rank tensor one-form Bf b , a fifth rank antisymmetric tensor one-form B^ 1 '" as and an 
additional fermionic spinor one-form rjf , 

A 3 = A 3 (E a , r ■ Bf, B? cde , ma ) ■ (4.1) 

The curvatures of the new forms are defined by 

Bf = DBf + ip a Aip 13 T% , (4.2) 

gei...a5 = DB^~ a5 + i^ a A^riy 115 , (4.3) 

B 2a = D ma -i6E a A ^F aaf3 - 7l Bf A ^T aba/3 -i l2 B^~ a5 A ^T ai ... a5a p , (4.4) 

where D is the Lorentz covariant derivative and 5, 71, 72 are constants to be fixed. 

Let us discuss enlarging the FDA of Eqs. ()2.28j) . 1)2 .29|) and ()2.3(J)) by the one-forms and 
curvatures of Eqs. (|4.2jl . ()4.3j) and 1)4.4)) in more detail. The constants in these expressions 
must obey one single relation 1)1.5)1 5 , 

5 + IO71 - 72072 = , (4.5) 
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which comes from the selfconsistency (closure under the exterior derivative) of eq. (|4.4|) after 
using the rest of the FDA equations, Eqs. (|2~2%1) . (l2~2lH) . (EHUl) . (|OJ), (jOJ) and the identity 

^b(a^g) = -J^F ab ( a/3 T ab lS ) = -j^a 1 ...a 5 ( a f3^ ai '" a5 1 6) ■ (4.6) 

Setting the curvatures in Eqs. (|4.2|) - (|4.4|) equal to zero and omitting the trivial Lorentz 
connection, the resulting equations plus Eqs. (|3.1|) - (|3.3|) become the MC equations of an 
enlarged supersymmetry algebra with the following nonvanishing (anti)commutators 

{Qa,Qp} = T a ap P a + iT%Z ab + T a a y*Z ai ... ab , (4.7) 

[PaiQa] =5 T a a/3 Q' 13 , 
[Zab, Qa] = ^11 T a fe af3 Q , 

[Z ai ...a 5 ,Qa] = 72 r ai ... ag apQ' 13 , (4.8) 

[Q' a ,all} = 0. (4.9) 

Clearly, as long as the constant 71 (or 5) is nonvanishing, it can be included in the normal- 
ization of the additional fermionic central generator Q' a or, equivalently, in the one-form r)\ a 
in (J4~ij) . 

Upon solving condition 1)4. 5J) on the constants 5, 71, 72 in terms of one parameter s 1)1. 6JI 
and 71 , one writes the algebra (|4.7j) , (|4.8|) in the form of Eq. Q4.7I) and 

[Pa,Qa] = 2 ll {s + l)T aap Q'P , 
[Z ai ...a 5 ,Qa] = 2 7 l(| + i)r ai ... a6a ^. (4.10) 

Thus, one concludes that the family of the fermionic central extensions ([Q >a , all} = 0) 
of the M-theory superalgebra described by Eqs. (|4.7|) . (|4.8|) is effectively one-parametric. 
Following ;nj] we denote the family of superalgebras given by Eqs. (|4.7f) and (|4.1Uj) by 

<S( S ) = (£(528|32+32)( s ) ! &nd by fs^ = £(528|32+32) ^ thg associatec i extended superspace 

group manifolds. The MC equations of (£( 528 l 32 + 32 ) ( s ) are given by the above FDA equations 
for zero curvatures i.e., 

du a = -m a a n^r^ , 

dU a = 0, (4.11) 

dU aia 2 = _n° a if 3 r^ 2 , (4.12) 
dn a!...a 5 = _in a An^r^-" 5 , (4.13) 

du f a = -2 7l n^A ^i( s + i)u a T a + ^u ab T ab + i^ + ^j n a -^r ai ... a5 ^ .(4.14) 



4.2 The £(528|32+32)(q) supe ralgebra and its associated FDA 

The D=ll Fierz identity 



VV = ^K P n 5 -^ aia2 c t pr aia2 ^ + — (4.15) 
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allows one to collect the set of one- forms E a , Bf, Bf bcde into one symmetric spin-tensor 
one-form £ a/3 , 



1 



32 1 a ° 1 



1 a\CL2 



1 



, r>"l---"5"p 

5! ai->'- 



a/3 



The curvatures 

(E2HI), (|2~3l7|) of the set of one-forms £ a/3 , ip a , uj ab satisfy the Bianchi identities 

VK alS := DU al3 + 2£^ a A R 7 /3) - 2# (/3 A = , 
t> p — zfi ab r , z 3 



(4.16) 



(4.17) 



(4.18) 



(|2.34|) and (|2.35j) . This FDA includes the Lorentz-spin connection uo ab and its curvature H ab , 

Eq. ran . 

If we move to the flat limit where all curvatures are zero, and set to zero the spin connec- 
tion, u ab = 0, the one-forms E a = EP, ^° = IT 1 Bf 6 = IT 16 , i?" 1 '"" 5 = U ai - a ^ obey the MC 
equations (|4.11[) - (|4.13[) . These can be collected in the compact expression 



cffl a/3 



m a a n" 



dU° 







(4.19) 



clearly exhibiting a GL[n) symmetry (H al3 is the flat limit of £ a ^ in Q4.16)) ). This is the 
automorphism symmetry of the M-theory superalgebra (£( 528 l 32 ) which is defined by the MC 
equations (|4.19|) and can be obtained from any of the (£( 528 l 32 + 32 ) ( s ) superalgebras just by 
setting the fermionic central charge Q' a equal to zero. Clearly, none of the g(5 2 8|32+32)/ s - ) 
superalgebras possess the full GL(n) automorphism symmetry; for s / they only possess 
the Lorentz one 50(1, 10). This automorphism group is enhanced to Sp(32) when s = i.e., 
for the special values of the constants 5, 71, 72 given by 



271 , 72 = ^y7i 



(4.20) 



Indeed, the £( 528 l 32 + 32 ) (0) algebra MC equations, Eqs. l|4TTT|) - l|4TTH> . can be collected in 



g(528|32+32) /qN 



( dR af) = -iU a A IT 3 
dU a = , 

du' a = iu a/3 An" , 



(4.21) 



where, for definiteness, we have set the inessential constant to 71 = 1/64. 

We can also write in this notation the MC equations of the g( 528 l 32 + 32 ) ( s ) superalgebra, 

£(528|32+32) ^ . 

'dip/ 3 = -in a An" , 

< dn a = , (4.22) 
^dH' Q = i (n a/3 + s/32 U a T aaP + s/32-6! H" : -"^ T„ : ; )) A IE 3 . 
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For s 7^ the last equation in (|4.22|) involves explicitly the D=ll gamma-matrices, so that 
g(528|32+32)^ s ~j p OSSess on iy 5"O(l,10) automorphisms. 

Softening the (£( 528 l 32 + 32 ) (0) Maurer-Cartan equations by introducing nonvanishing cur- 
vatures and a nontrivial spin connection, the Lie algebra is converted into a gauge FDA 
generated by E a , tp a , uj ab , Bf, B^'- ,as and r} la and their curvatures (Eqs. lJ22BJ), $£2$, 
(|2~3U1) . (|OJ), (|Q|) . iJOJ)) which can be rewritten in terms of 

oj ab , 

and their curvatures, 

R a = Dift a := dip a - ^ A u p a , 
B 2a = Drj la - i £ af3 A ^ , 

(setting again 71 = 1/64 in Eq. (|4.27|0 plus 

K ab ._ R ab = duJ ab _ u; ac AuJ( b 

obeying the Bianchi identities (|4.18|) , (|2.34|) , 

VB 2a := D6 2a + i^AR"-i^A/+^Ai )l() E0, (4.29) 

and (|2.35j) . The a(5 indices are rised and lowered in (|4.27j) and (|4.29j) by the charge conjugation 
matrix C a p and its inverse C a @; notice that the gamma matrices now only appear in the spin 
connection u> a ^ = 1 / Auj ab T aba ^ that enters in the covariant derivative D. Thus replacing 
formally the spin connection by a more general symplectic one f£ Q ^ (restricted only by 
DCa/3 = which implies £l a p := Q a y C^ = Slp a = 0( Q(3 )) we arrive at a FDA possessing a 
local Sp{2>2, M) symmetry. 

As discussed in the superalgebra (£(0)35 so(l, 10), corresponding to the FDA (|4.23)1 - 
()4.28j) without the replacement of w Q ' 3 by fi/, is an expansion ^3] of the supergroup 
OSp(l\32), denoted 05p(l|32)(2, 3, 2), of dimension 647 = 583 + 64; the superalgebra £(0)+ 
sp(32), corresponding to the FDA ij03|) - l|4T28|l with ujJ replaced by the sp(32) valued Q.^ , 
is given by the expansion 05^(1132) (3, 2) of dimension 1120 = 1056 + 64. We refer to [TlfllTU] 
for details. 



(4.23) 
(4.24) 



(4.25) 
(4.26) 
(4.27) 



(4.28) 



4.3 Composite nature of the A s three-form gauge field 

The problem [2] now is to express the form ^3 defined by the CJS FDA relations IJ2.H1J) . (|2.21j) 
[with (l2l^ - (l2~5Ul) (t2~T8l - (l2371) ] in terms of the one-forms Bf, Bf cde , rj la plus the original 
graviton and gravitino one-forms, E a and ip a . For it, we write the most general expression 
for a three-form ^3 in terms of the above one-forms, 

- f 6 ai ... a5bl ... b5CJ Br-^A J B 1 fe - b5 A J E c - 

^6ai...a 6 fei...fe 5 - D l cic 2 A D \ A D \ 

- A 77? A (fa E a T aaP - ifo BfT ab a/3 + 3 Bf cde T abcde a/3 ) , (4.30) 
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and look for the values of the constants a%, . . . , a^, 0\, ... ,0s and A such that A3 of Eq. 
(j4.3U|) obeys (|2.31|) for arbitrary curvatures of the one-form fields. The numerical factors in 
the right hand side of (|4.30|) are introduced to make the definition of the coefficients coincide 
with that in [3] while keeping our notation for the FDA and supergravity constraints. The 
only essential difference with [H] is the inclusion of the arbitrary coefficient A in the first term; 
as we show below this leads to a one-parametric family of solutions that includes the two 
D'Auria-Fre ones. 

Factoring out the coefficients for the various independent forms one finds a system of 
equations given by 11 



and 



0i + 10/? 2 - 6!/? 3 = , 


(4.31) 


A - 250! = 1 , 


(4.32) 


A - 2 7l /?! - 250 2 = , 


(4.33) 


3ai + 8 7 i/3 2 = , 


(4.34) 


a 2 - IO71/33 - 1072/^2 = , 


(4.35) 


5!a 3 - 503 - 7 2 /3i = , 


(4.36) 


q 2 - 5! 1072^3 = , 


(4.37) 


«3 - 272^3 = , 


(4.38) 


3a 4 + IO72& = . 


(4.39) 



Eq. (|4.31[) comes from the cancellation of terms proportional to the ip A ip A ip A r/i form in Eq. 
(|2.31j) with (|4.3()j) : Eqs. (|4.32[) - (|4,39|) from the cancellation of terms proportional to ip A ip 
times different products of bosonic forms E a , Bf b , B^ bcde [namely, ip a A ip" A E a A E b T aba p 
for (|Q2l : ip a A ip 13 A B? A E b T aOL p for dOSl) : etc.}. 

For the nonvanishing curvatures of the one-form fields, Eq. 1)2.31(1 with (|4.3U|) gives also 
the expression for the four-form curvature R4 in terms of the curvatures of the one-forms; 
setting R a = (which is proper in the description of supergravity constraints as well as for 
the component formulation of supergravity with "supersymmetric spin connections") one gets 

R 4 = \Bf A E a A E b - ^-B 2ab A B\ c A Bf - ^B 2ai ... as A B\\ A B ba ^ + 
+ ^B lai ... a5 A B a 2 \ A B ba ^ - ^e ai ... asbl ... b5C E c A B^ A B^ - 

_ a *i 130,10,20,3 A R a4a 5 a6CiC2 A iobi...b 5 _ 

^ tai...a 6 bi...6 5 - D i cic 2 1 A u 2 

2 t a 1 ...a 6 b 1 ...b 5 I: >l 1 /x u 2 cic 2 

- A < A [-102 BfT ab ap + 03 Bf cde T abcde Q/3 ) + 

+ A (/3i £<T aQ/3 - i/% < r a6 a/3 + ft B^TabcOe a p) A S 2 Q + 

+ % -rf A £<T aQ/3 - %02 BfT ab af3 + ft Bf cde T abcde a/3 ) A R' 3 . (4.40) 
n The factor 5! in (jOfijl is missing in footnote 6 in |10) . 
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Eq. Q4.4U|I assumes that the relations (|4.31[) - (|4.39[) among the coefficients A, a\, . . . are satis- 
fied. These equations, actually necessary conditions for a composite structure of the three- 
form A3, also solve the problem of trivializing the cocycle (|3.6|) on a suitable flat (or rigid) 
enlarged superspace to which we now turn. 



4.4 Trivializing the four-cocycle dA 3 , enlarged superspaces, and the 
fields/extended superspace variables correspondence 

The trivialization of the W4 ((IA3) standard supersymmetry algebra four-cocycle on a larger 
Lie superalgebra implies expressing the form A3 obeying ()3.6j) in terms of MC one-forms 
on a larger supergroup manifold, i.e. on a generalized superspace (see [§]) with additional 
coordinates. The above described calculations for the case of vanishing curvatures leading to 
Eqs. (|4.31|) - (|4,39|) considered E a , ip a , Bf b , Bf bcde , 7]± a as independent one-forms. This is 
tantamount to looking for a trivialization of the four-cocycle W4. on an extended superalgebra 
(£(528|32+32) assoc i a ted to the rigid superspace (group manifold) £(528|32+32) with 517 = 55 + 
462 bosonic and 32 fermionic additional coordinates. 

The original 32 fermionic coordinates 9 a are associated with the fermionic one-forms ip a , 
which by Eq. (|2.29|) become closed, dip a = 0, for vanishing curvature R" = and trivial 
spin connection u> ab = 0; as a closed form, ip a = d9 a = IP. Similarly, R a = 0, now reads 
dE a + id6 a A dOPT^p = and has the invariant solution E a = Ii a = dx a - idO 01 ^^ on 
the standard superspace £( n l 32 ) of coordinates Z = (x^, a ). On £( n l 32 ) all other differential 
forms, e.g. Bf b and B^- as , can be expressed (e.g., Bf b = E d Bf(Z)+E^Bf(Z)) in the basis 
provided by E a = Tl a and ip a = Tl a . This is true also for the curved standard superspace, 
but in this case E a and ip a = E a are 'soft' one-forms and not the invariant MC forms 11° and 
IT*. 

If one considers the bosonic differential one- forms Bf b and £>" 1 "' as as independent, one 
implicitly assumes that dBf = -d9 a A d9 p T ab p and dB^- a5 = -id9 a A cf^r^" 05 (see Eqs. 
(j4.12|) . (|4.13|) ) may be solved in terms of invariant one- forms 

B ab = u ab ._ dy ab _ dd « r ab^f) ^ 
B ai...a & = nol ...a 5 . = dy ai...a 5 _ iffla-pai-.as Q f3 _ ^ ^ 



The new parameters y ab and y ai — a $ entering in B® ia2 and B^ 1 '" 0,5 constitute the additional 
(55 + 462 = 517) bosonic variables of an extended superspace. This is the extended £( 528 l 32 ) 
rigid superspace, which may be considered as a supergroup for which Il a , n aiCt2 , n ai ' , "'° 8 and 
n Q are all invariant MC forms 12 . When the curvatures are not zero, and in particular B?; b 7^ 0, 
gai...a 5 q i e fj the invariant one-forms B{ xa2 , B^- a5 become 'soft', £( 528 l 32 ) is non flat and 
no longer a group manifold. 

12 The J]( 528 l 32 ) extended superspace group may be found in our spirit by searching for a trivialization of 
the R 528 -valued two-cocycle d£ aP = -id6 a A d0 , which leads to the one-form 8^ = dX a0 - id9^ a 9 B) . This 
introduces in a natural way the 528 bosonic coordinates X a/3 and the transformation law 5 € X alB = id^ a e^ 
that makes £ a/3 invariant, and hence leads to a central extension structure for the extended superspace group 
£(528|32)^ w j 1 j c ] 1 j s parametrized by (X al3 ,6 a ). The 528 bosonic coordinates include, besides the standard 
spacetime = 1/32 X^I^ ones, 517 = 55 + 462 tensorial additional coordinates, y"" = l/64!X a/3 r^ plus 
y^-to = l/64!X a,3 r^ " M5 . The (maximally extended in the bosonic sector) superspace E (528|32) transforma- 
tions make of £ a ^ a MC form that trivializes, on the extended superalgebra g( 528 l 32 + 32 ) ( the non-trivial CE 
two-cocycle on the original odd abelian algebra E' ' 32 '. 
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The additional fermionic form r\\ a for the case of vanishing curvatures obeys (see Eqs. 

(El, 623) 

d Vla = i (5E a T a -i 11 Bfr ab + 72 B^- a5 r ai ... a5 ) . (4.42) 

V / a/3 

The two-form on the r.h.s. of this equation is a nontrivial two-cocycle on (£( 528 l 32 ). it may be 
trivialized by adding 32 new fermionic coordinates 9' a that are used to solve (|4.42|l by 

\ / ap 

- hd6T a e (T a 9) a + pidffT^e (T ab 9) a - ^ l2 d9T a ^9 (T ai „ M5 9) a . (4.43) 

In the next section we will show that the trivialization of the CE cocycles encoded in the FDA 
of Eqs. (J22BJ), (|2~2H|) . (jH2J)-(@3J) is possible on all the extended superalgebras <£( 528 l 32 + 32 ) ( s ^ 
0) associated with the superspace groups J]( 528 l 32 + 32 ) ( s ) parametrized by 

s (528|32+32)( s ) . ^ ^ yf ,u ^ yM1 ... M5 . j Q j (4 44) 

where the ^ coordinate (the 'second' 32, corresponding to the fermionic central charge) is 
associated with the one- form r]i a through (|4.43jl . 

The softening of the (£( 528 l 32 + 32 ) MC equations leads to the associated gauge FDA, with 
as many one-form gauge fields as group parameters. This is one more example of the 
fields/extended superspace coordinates correspondence already mentioned (See also Sec. 6). 

4.5 Underlying gauge superalgebras for D = 11 supergravity and their as- 
sociated A 3 composite structures 

As it was discussed above, the constants S, 71, 72 restricted by Eq. (|4.5|) or, equivalently, ex- 
pressed through the parameter s by ()1.6|) . determine the superalgebras (£(s) = g( 528 l 32 + 32 ) ( s ) 
that are not isomorphic. 

On the other hand, these constants appear in the system of equations ()4.31j) - ()4.39j) as 
parameters. Clearly, as we have found nine equations for eight constants ai, . . . , 0:4, (3%, 02, 
and A, the existence of solutions for the system of equations H4.31j) ~ (|4.39j) is not guaranteed 
for arbitrary values of 5, 71, 72 obeying (|4.5j) . i.e. for £(s) with an arbitrary s. One might 
expect to have one more condition on these constants that would fix them completely up to a 
rescaling of the 'new' fermionic form rji a i.e., that would fix completely the parameter s in (|1.6|) 
and, hence, would select only one representative of the g( 528 l 32 + 32 )(s) family of superalgebras. 
However, already the existence of two solutions :5 a of the more restricted system (|4.31j) - ([4.39j) 
for A = 1, indicates that this is not the case. Indeed, the system (|4.31|) ~ (|4.39|) contains 
dependent equations. These may be identified as the equations for the constants (3 2 and (3% 
that come from the two equations for a 2 , Eqs. (|4.35j) and (|4.37j) . 

72/3 2 + (7i - 5! 72 )/3 3 = , (4.45) 

and the equation 

10 72 /32 - (5 + 4-5! 72 )/?3 = 0, (4.46) 
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obtained from the two expressions with a$, Eqs. (|4.36j) and (|4.38|) . after f5\ is removed by 
means of (14.311) . One can easily check that Eq. (|4.46j) coincides with (|4.45|) as far as 5, 71 
and 72 obey (|4.5|) . 

Thus the general solution of the system of Eqs. (|4.31|) - ()4.39|) plus (|4.5|) is effectively 
one-parametric. It may be given in terms of two parameters 5 and 71, 



03 



2 5 7 i 



5 (271 - 5y ' 

1 471 + 5 

10 (2 7 i - 5) 2 ' 
1 IO71 + S 



10-5! (271 - 5f 



8 _ 4 71(471 + 5) 
ai = "3 7l/32 = -l5 (2 7l -*) 2 

a 2 = 10 5! 72 /?3 = gy (2ti _ 6)2 
1 (IO71 + 5) 2 



«3 = 272/3 3 



5-6! 5! (2 7 i -5) 2 



_10 1 (IO71 + 

Qi 9™ 9-6! 5! (2 7 i -5) 2 ' 

However, as the value of one parameter (5 if nonvanishing, 71 otherwise) can be used to rescale 
the new fermionic form rji a we see that, effectively, there is a one-parameter family of solutions. 
This indicates that the trivialization of the four-cocycle is possible on (almost all) the enlarged 
supergroup manifolds £;( 528 l 32 + 32 ) ( s ) associated with the superalgebras (iH 528 l 32 + 32 ) ( s ). 

To find the singular points, let us write the general solution l)4.47j) in terms of the param- 
eter s as defined in Eq. I)1.6|) . 



g(528|32+32) 



2 7i (s + 1), 72 = 2 7 i(^ + ^) 

1 s 2 + 2s + 6 

1 5 7 2 > 

1 2s -3 „ 1 s + 3 



Pi = — — • > 

ft 



IO71 s 2 ' M 2O71 s 2 
3 s + 6 



10 • 6!7i s 2 ' 

1 2s + 6 1 (s + 6) 2 

Q l = ~TT 5 — j «2 = 777 



15 s 2 ' ~* 6! s 2 ' 

1 (s + 6) 2 1 (s + 6) 2 

a 3 = — ^ ^- , a 4 = — . (4.48) 

5-65 s 2 ' 9-6 5 s 2 



We see that the only forbidden value is s = 0. Thus Eqs. Q4.48JI or, equivalently, ()4.47|) . 
trivialize the (£( n l 32 ) CE four-cocycle on the extended <£( 528 l 32 + 32 ) ( s ^ q) superalgebra, with 
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associated supergroup manifold s(528|32+32) (s _t 0) _ The 

same Eqs. (|4.48|) (or ()4.47|0 de- 
termine the A3 three-form gauge field by ()4.3(Jj) in terms of the one-form gauge fields of 
the (£( 528 l 32 + 32 ) ( s y£ 0) superalgebra; these make A3 a composite, rather than a fundamental 
field. We stress once more that the values of 5, 71 and 72 determine the Lie superalge- 
bras (£(528|32+32)( s ) assoc j atec i w i t h £(528|32+32) ^ while tllose of q/^ j ... j 0:4. and 1 ,...,0 3 

determine the expression of ^3 in Eq. ()4.3U[) (the trivialization of the cocycle). 

Setting A = 1, as in [3], we find only two solutions, one corresponding to s = 3/2 

g(528|32+32)/ 3 / 2 ) . 

5 = 571 + , 72 = 2^1 ; 
A = l, 

01 = , 02 = , 03 = elV > 

"1 = "15 , «2 = > «3 = eTi! , «4 = ~ 54 (41)3 i 



(4.49) 



and a second corresponding to s 

g(528|32+32)^_-q . 



, 72 = , 71 + ; 



3-4! 

A = 1 



01 o^, ) /^2 m^, i 0- 



271' ^ 10 71' ^ 6 4-5!7i ' 

«2 = If ! "3 = eTi! 1 a 4 = - 54(41)2 • (4.50) 

Notice that the values of 0:1,2,3,4 are the same for both of them. The two D'Auria and Fre 
solutions correspond to 5 = 1 in Eq. (|4.49|) and 71 = —1/2 in Eq. (|4.5Uj) . 

Due to the presence of A, we have more possibilities. A particularly interesting solution 
of our system is found by setting s = —6 in (|4.48|) or 72 = ^(1071 + 5) = in (|4.47|) : 

£(528|32+32)(_ 6 ) . 

S = -IO71 , 72 = ; 
A = I , 

01 = 1!^-, 02 = -25T7T' & = 0, 

a i = m 1 a 2 = , «3 = , 04 = . (4-51) 

This corresponds to an especially simple expression for the composite A3 form in terms of the 
gauge fields of this (£( 528 l 32 + 32 ) (_ q) superalgebra, 

A3 = ^Bf A E a A E b - ab A B\ c A B? - A rf A (lO E a T aa p + % BfT ab af3 

(4.52) 

and to a shorter version of the additional fermionic curvature (|4,4|) 

B 2a = DrUa + i^tilOE^a + iBfTab)^ A^ . (4.53) 
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The 72 = choice of Eq. Q4.51JI implies that the underlying Lie superalgebra g( 528 l 32 + 32 ) (-6) 
includes Z ai ___ a6 also as central generator (cf. last line in Eq. Q4.8JI ). 



g(528|32+32)^_g^ . 



[Pa,Qa] = -1071 TaapQ'P , 



[Z ai ... a5 , all ] = , 

[Q' a , all } = . (4.54) 

Thus one can consistently truncate (£( 528 l 32 + 32 )(— 6) by setting the central generator Z ai __ aB 
equal to zero. In such a way one arrives at the & m in = (£( 66 l 32 + 32 ) superalgebra, whose 
extension by Z ai ___ as gives 

l£(528|32+32)(_ 6 ) in Eq g-^ Explicitly, £ min is the (66 + 64)- 

dimensional superalgebra 

£ . _ £(66132+32) . 

{QonQp} = r^p a + iT a ^ 2 z aia2 , 

[Pa,Qa] = -107lE aa/3 Q //3 , 
[Zaia,2iQa] = *7l-^aia2 af}Q ^ i 

[Q' a , all} = 0. (4.55) 

that corresponds to the most economic enlargement of the standard supersymmetry algebra 
(j:(ii|32) £ or -^rhigh ^he W4 four-cocycle (corresponding to dA^, Eq. Q3.6|) ) becomes trivial. 
Obviously, the gauge FDA associated to £ m in = g( 66 l 32+32 ) does not involve B® 1 '" 0,5 (see next 
Section). 

The superalgebras (5H 528 I 32 + 32 ) ( s 0) account for an underlying gauge symmetry of the 
D = 11 supergravity in the sense that such a symmetry is hidden in the original CJS formu- 
lation and only becomes explicit when ^3 is written in terms of the one-form gauge fields 
of g(528[32+32) g _^ q xhese superalgebras may be considered themselves as nontrivial 
deformations of £(5 28 l 32 + 32 ) (0). 

The s = value (Eq. (|4.2()jl ) corresponds to the Lie superalgebra g( 528 l 32 + 32 ) (0) associated 
with the superspace group 

£(528|32+32) (0) _ Tmg 

possesses Sp(32) as its automorphism group, 
which is not allowed when s / 0, Eqs. l|4~4lfll or (|4~4Tj) . The full £( 528 l 32 + 32 ) (0) K) Sp{32) 
group is isomorphic ^Uj to the expansion 05p(l|32)(2, 3) of the OSp(l|32) supergroup. 
If the Lorentz connection is taken into account, the complete symmetry group reduces to 
£(528132+32)( ) S) $0(1, 10) which is isomorphic to the expansion OSp(l|32)(2, 3, 2). However, 
£(528|32+32)(-q) ^oes not allow for a trivialization of the cocycle. Equivalently, the problem 
of the composite structure of ^3 form does not have a solution in terms of g( 528 l 32 + 32 ) (0) gauge 
fields. This implies that the four-cocycle W4 in Eq. (|3.6|) (with Lorentz rather than Sp(32) 
invariance) may be trivialized only on the superalgebras (p( 528 l 32 + 32 ) ( s ^ 0) with SO(l, 10) 
automorphism group; the superspace £( 528 l 32 + 32 ) (0), with Sp(32) automorphisms, on which 
the new fermionic Cartan form could be given by r\\ a = d9' a + ill a fs9^ — ^d9^ a 9^ 9^ (cf. 
(j4.43|) for ()4.2(jj) . see (|4.16|0 . does not allow for such a trivialization. This result is in a way 
natural: if there should be a singularity in the solution of the cocycle trivialization conditions, 
it should be associated with an algebra having particular properties. This is the case for that 
determined by Eq. ()4.2(Jj) since only for these values of the constants the rigid superspace 
group x;( 528 l 32 + 32 ) (0) automorphism symmetry is enhanced from SO(l, 10) to Sp(32). 
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4.6 An economic underlying gauge group structure for D = 11 supergravity 
and the generalized superspace E^ 66 ' 64 ) 

Our analysis has shown that the minimal FDA allowing for a composite structure of the CJS 
3-form A3 can be defined, fixing 71 = —1, by 

R a = DE a + -^a A ^pa^ , (4.56) 

R Q := Dip a ■= dip a - ip p A uj p a . (4.57) 

R afe . = R ab = duJ ab _ ^ac A ^b ^ (4.58) 

= DBf + i[i a A itf* T ab p , (4.59) 
£ 2a = £>?7ia - i (10S a r a + iBf T ab ) a/3 A ^ . (4.60) 

The expression for A3 then reads 

A3 = ^Bf AE a AE b - ab A B% A B? + -^-^ A if A (lO £<T aQ/3 + i B?Y ah af3 

(4.61) 

Its curvature is expressed by (as above, we set R a = 0, which is valid both for a description 
in standard superspace and for the component approach) 

R 4 = \ x Bf A E a A E b + ^Bf AB lbc A B{ a + -^R? A rff A (lO E a T aa(3 + i B?T ab a(3 

- ^ P A B$ A (lO E a T aaf3 + i Bf b T ab Q/3 ) - ^ A rft A BfV ab Q/3 . (4.62) 

These relatively simple expressions for ^3 and R4 will be useful, in particular, for an analysis 
of the supergravity action with composite A3 in Sec. 5. 

For vanishing curvatures Eqs. Q4.56J) - I|4.60|) become the MC equations for the generalized 
supersymmetry algebra £ m in = 

<£(66|64) associatec i to t h e 

superspace group 

S (66|64) with 

coordinates 

S mm = S( 66 ' 64 ) : (x^,y^,e a ,9' a ). (4.63) 
Explicitly, these MC forms are (io ab = 0) 



E a 



a 



B ab 



IP<5/ = dx^ - ide a T a ap eP , (4.64) 



IF = d9 a , (4.65) 
U ab = dy^^ a K h ~ d9 a r^ , (4.66) 
/ \ 20 2 

ma -.= W a = de' a + i[iou a T a + iu ab T ab ) - — der a e (r a 6) a - -d9T ab e (r ab e) a . 

(4.67) 



5 On the D = 11 supergravity action with composite A3 

To analyze possible dynamical consequences of a composite structure for A3 let us follow the 
proposal in [2] and consider the first order supergravity action with a composite ^3. 
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5.1 Equations of motion, Noether identities and extra gauge symmetries. 

The equations of motion for the 'free' standard CJS supergravity (see Sec. 2.4 for a brief 
review) include Eq. (|2.54j) . 

,)S -g 8 = o. (5.1) 



5A_ 

We ask ourselves what would be the consequences of a composite structure of A 3 field. 

Our minimal solution given by the Eqs. (|4.61)1 . ([4.62ft . (|4.60j) (see (|4.51[) ) allows for 
a simple discussion of this problem; this will also exhibit some properties relevant for the 
generic solution, Eqs. (j4.30j) . (|4.48j) . 

To this aim one may just insert the expression (|4,61|h (|4.62|) (or (|4.3()[) with any allowed 
set of constants ([4.48(1 ) into the first order action ([2.44 j) . without assuming the FDA rela- 
tions if43B|) - P~oTH) [or (f2~^S]) - (P^n[) . (d2J)-((0|) with (fTR]) ] from the start; their role and 
re-appearance will be discussed below. 

As noticed in 0, the action with such an insertion would be very large and hard to handle. 
To overcome this difficulty we shall deal with the standard supergravity action, but with the 
understanding that ^3 is made out of the new and old fields and given by Eq. (|4.61|) or by 
Eqs. (|4.30j) . (|4.48j) . so that its variation is not independent. 

Let us begin by the minimal solution. As it follows from Eq. (|4.61j) . 

SA 3 = ^E a AE b A SB? -l Bla c AB lcb A SB? - A ^T ab 0a A SB? 

- -^f A (10 E a T aaP + iBfr abaP ) A Srg, (5.2) 

where we have neglected the terms with the variation of the graviton and the gravitino (which 
would give contributions proportional to 0$ in the Einstein and Rarita-Schwinger equations 
of supergravity) . 

The variation of the supergravity action S with respect to Bf b thus reads 
5S SS . 5A 3 _ I { b 1 6 1 



A 777^ = tt^8 A I E a A E — -Bf AB\ C — —ip A V T ab 



5B lab 5A 3 5B lab 4r° V 5 1 20 

(5-3) 

The first order action S from [2] is the integral over D=ll spacetime M 11 or an eleven- 
dimensional bosonic surface A4 11 in the standard superspace (or even in a group manifold 
0Ej)- For simplicity we will consider first in this section the M 11 case (Eq. (|2.44[0 : the 
case of the rheonomic action (Eq. (|2.66[0 will be considered in Sec. 5.3. The vielbein forms 
E a provide a basis to express forms on M . This implies that Eq. (|5.3|) has the expression 

' )S 1 G 8 AE c AE d K cd ah , (5.4) 



SB lab 4! 
where the matrix 



lC cd ab = 5 [c % + ^B { rB c ^ Vef - 1^/ Vd] « Y% (5.5) 
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may be quite generally assumed to be invertible. Indeed, one may think of e.g., weak B^ b 
fields, in which case the second term is small and the third nilpotent. Then one may state 
that 

det{K ab cd ) + 

-^-=0 => g 8 AE c AE d = 0. (5.6) 

The last equation clearly implies the standard equations of motion, Eq. but now 

for a composite, rather than fundamental A3. Thus one may state, at least within the 
det(JC ab cd ) ^ assumption, that the variation with respect to the Bf b field produces the same 
equations as the variation with respect to the CJS three-form A3, 

det(IC ab cd ) ± 

' W Gs:=^-=0. (5.7) 



SBf SA 3 

A few remarks are appropriate at this stage. The first is that the above considerations, 
simplified by the use of the minimal solution in Eq. (|4.61[) . can be extended to the general 
case, which has a more complicated expression for A3 that includes the B^ 1 '" 0,5 field. The 
second one is that, considered on the D=ll spacetime, Bf b = E c B^ b (x) involves a three 
index tensor B c lb {x) = —B ba (x) with reducible symmetry properties (product of two Young 
tableaux), 

B cab ~ D ®H = ™©D , (5-8) 

□ 

and thus carries more degrees of freedom than A3 = 1/31E A E b A E a A abc (x) does since 
A abc (x) is fully antisymmetric A abc = A[ abc ], 

□ 

Aabc ~ □ • (5.9) 
□ 

Then, as a variation with respect to Bf b produces (for det(IC[ ab ^ cd ^) 7^ 0) the same equations 
as the variation with respect to A3, one concludes that the action for a composite A3 must 



possess local symmetries that make the extra (i.e q-' but not = ) degrees of freedom in B 1 

pure gauge. Similarly, one may expect to have an extra local fermionic symmetry under which 
the new fermionic fields rj aa (x) in rji a = E a r] aa (x) are also pure gauge. In the case of a more 
general solution and accordingly a more complicated expression for A3, one also expects a 
gauge symmetry that makes the five-index one-form fields in jg* 1 — ° fi = E B? 1 '" 05 [x) pure 
gauge. 

This is indeed the case. Actually the fact that the above 5Bf b = E c 5B c ab variation 
produces the same result as the variation with respect to 5A abc = 5Ay abc ^ (see Eqs. (j5.6|) 
and plays the role of Noether identities for all these 'extra' gauge symmetries. Let us 

show, for instance, that the supergravity action with A3 with the simple composite structure of 



ab 
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Eq. Q4.61|l does possess extra fermionic gauge symmetries with a spinorial one-form parameter. 
Indeed, the equations of motion for rji a , 

5S „ „ . , fl /„„ „„„ . b 



QsAip p A (10 E a T aaP + » BfTot a/3 J = , (5.10) 

are satisfied identically on the Bf b equations of motion (Q s = for det(JC[ ab ^ cd ^) ^ 0, Eqs. 
()5.6j0 . This is a Noether identity that indicates the presence of a local fermionic symmetry 
with parameter Xia-> Xia = E a Xaa-> such that 

8 X Vla = Xla , (5-11) 



5 x Bf = -K-WW^lOTa + iBffTef)^. 



(5.12) 



We can see that the transformations (j5,ll|) . (|5.12|) leave invariant the composite three-form 
A3 (|4,61|) considered as a form on spacetime. If the form A3 in (|4.61|) is now considered as 
defined on standard superspace E or on a larger supermanifold E, the A3 on A4 11 C S or E is 
still preserved by (|5.11f) for Xaa(Z(x)) with a more complicated expression for 5 x Bf b (Z(x)). 

In the same way, having in mind that the contribution of any variation of the fundamental 
fields in 5A3 on M 11 is always given by an antisymmetric third rank tensor contribution, one 
concludes that any contribution to 5 A3 from an arbitrary variation of the q-' irreducible 
part of 5B c ab (which is also an antisymmetric contribution) can always be compensated by a 

contribution of a proper transformation of its completely antisymmetric part 5B[ cba \ , q . 

□ 

When the more general form for A3, (Eqs. (|4.30|) . (|4,47l0 is considered, the same reasoning 

shows that any transformations of the new form B? 1 '" 0,5 can be compensated by some properly 
chosen B® b transformations. The key point is that the coefficient A in (|4.47|) never vanishes. 
Hence (omitting 5E a and 8ip a ) 

8 A3 = ~E C A E d A K cd ah 5B l ab + 5 2ai ... as A 5B<?- a * + 5 2 a A % a = (5.13) 
~E a AE b AE c SB [cab] +0(B 1 AB 1 ) + 0(^ 1 A m ), (5.14) 



£ cd ab = $[c a 8d] b + C(-E?l A Bi) + 0(ipi A r)i) , (5.15) 

, _ (20 7l 2 +5 2 ) 1 s 2 +2s+6 / n 
A ~ 5(2 7 i-5) 2 — 5 P r u 

and the variation of the completely antisymmetric part B[ abc ] of Bf b = E c B c ab always re- 
produces (for an invertible /C (|5.15|l ) the same equation 9$ = as it would an independent, 
fundamental three- form A3. 



5.2 Free differential algebra for the 'new' fields 

One may ask at what stage the FDA relations (|4.2|) . ()4.3j) . (|4.4j) appear when the first order 
supergravity action [SJ EH with a composite A3 field [Eqs. ()4.30j) . (|4.47l) ] is considered and 
whether there are any conditions on the new curvatures, as Eqs. (|2.38[) . (|2.39j) for R a (Eq. 
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(|2.28|) ) and R4 (Ea. (|2.31J) ). Let us recall that in the first order action the latter equations are 
not imposed by hand, but appear as equations of motion. The action (|2.44|) of refs. [3J EH 
include the auxiliary field F abcc i and the variation with respect to it produces Eq. (|2.57|) . 
which is equivalent to the FDA relation ()2.31j) with ()2.39j) . The variation with respect to an 
independent spin connection u> ab produces Eq. (|2.58|) which is equivalent to the FDA relation 

flUHD with snoty . 

As it was shown in Sec. 4, Eqs. 1|2.31[) can be solved by expressing A3 in terms of the 
one-forms E a , Bf b , ^™ 1 --- a5 ; 7 j la by Eq. ()4.30j) for any set of constants given by Eqs. 
g2H) (or (jOHjn . provided the one-forms satisfy the FDA (l2~28|l . (t2~29l) . lt2~30l) and (jOJ), 
(|4.3() . ()4.4I) with the same constants 5, 71,72 (with the same s). Eq. (|4.3U|) implies also the 
expression for R4 through the field strengths of the one-form fields (two-form curvatures of 
the soft FDA algebra) (see Eq. (|4~4T)|0 . 

With this in mind, studying the first order supergravity action which produces Eqs. ()2.57j) 
and (j2.58|) . one may just use the FDA relations (j4.2|) . (j4.3|) . (j4.4|) (with #,71,72 expressed 
through the same parameter s as in (J4.48|) used to construct ^3) to substitute the expressions 

DBf = -i) a A V' 3 Iff, + Bf , (5.16) 

DB ai-a 5 = -i^ A ^Yly a5 +B^- as , (5.17) 

Drj la = +iSE a A^Ta^+^Bf A^T abaP + i l2 B^--- a5 A^T ai ... a5aP +B 2a , 

(5.18) 

for DBf b , DB^ 1 " 0,5 , Dr\\ a in dA^ of (|2.57l) . What one gains making just these substitutions in 
Eq. (j2,57|) is that all the terms without curvatures coming from the first term (dA^Bf 3 , ■ ■ ■)) 
are cancelled by the second term (04 of Eq. ()2.46j0 . Thus, the only consequences of Eq. 
(|2.57|) would be an expression for F4 through the newly defined field curvatures and R Q (Eq. 

UM) 

E a A E b A E c A E d F ahcd = \Bf A E a A E b + . . . - 

-2i^ A 77? A (-ifc BfT ab + (3 3 Bf cde T abcde ) (5.19) 

(see Ea. ()4,4(Jj) for the full expression of the right -hand-side) . 

As we discussed in Sec. 5.1., the variation of the new fields produces the only nontrivial 
equation, Eq. ()5.7|) . which formally coincides with the original three-form equation (|5.1|) . but 
now involving the composite ^3 and its field strength F abcd [see Eq. (|2.57f) which appears as a 
result of varying F abc d in the action ()2.44j) . (|2.45|) . independently of whether ^3 is composite 
or fundamental]. This reflects the existence of the extra gauge symmetries (see Sec. 5.1) that 
make that the theory with a composite A3 carries the same number of degrees of freedom 
as the original CJS supergravity with a fundamental A3. What we have found now is that, 
besides of this, Eq. (|5.19j) is the only relation imposed on the new field strengths Bf, B a 2 x - a '% 
B 2a by the first-order D = 11 supergravity action (|2.44|) . (|2.45|) with a composite ^3. This 
also reflects the existence of the extra gauge symmetries, as these make the detailed properties 
of the curvatures (Bf^, B^ 1 '" 115 , B 2a ) of the additional gauge fields inessential; their only 
relevant properties are that the field strength F abc( i is constructed out of them in accordance 
with Eq. (|5.19|) and that such a composite field strength obeys Eq. (|5.1|) . 

Thus, on the one hand, the underlying gauge group structure implied by the new one-form 
fields allows us to treat the D = 11 supergravity as a gauge theory of the S(s 7^ 0)3 50(1, 10) 
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supergroup, that replaces the superPoincare one. On the other hand, the supergravity action 
(|2.44|) . (|2.45|) with a composite A% also possesses 'extra' gauge symmetries (not in S(s ^ 0)3 
50(1,10)) that the additional degrees of freedom in the 'new' fields B^ b , B^ 1 '" 0,5 , r}\ a pure 
gauge (i.e. Bf b , ^ 1 --- a5 ) carry the same number of physical degrees of freedom as the 
fundamental A3 field). In this sense the geometric S(s ^ 0)2! SO(l, 10) symmetry, although 
manifest, gives only a part of the gauge symmetries of the supergravity action ()2.44|) . (|2.45j) 
with a composite ^3. 

One might conjecture that the superfluous degrees of freedom in the 'new' one-form fields, 
which are pure gauge in the pure supergravity action, would become 'alive' when supergravity 
is coupled to some M-theory objects. These could not be the usual M-branes as they couple 
to the standard fields and, hence, all the gauge symmetries preserving the composite ^3 would 
remain preserved. Thus one might think of coupling of supergravity through some new action 
containing explicitly the new one-forms. A guide in the search for such an action would 
be the preservation of the gauge symmetries of the underlying S(s ^ 0)E) 50(1,10) gauge 
supergroup. 



5.3 Composite A% in the rheonomic action. A possible way to enlarged 
superspace 

All the above discussion on the 'extra' gauge symmetries (Sec. 5.1) applies also for the 
rheonomic action (|2.66|) with being an arbitrary surface in superspace. In short, this 
follows from the fact that all the one-forms on such a surface can be decomposed using the 
basis provided by the pull-back E a {Z{x)) = dZ M \x)E M a {Z{x)) = dx^d^Z M {x)E M a (Z(x)) 
of the bosonic supervielbein E a (Z) = dZ M EM a {Z). 

Indeed, in the matrix d^Z M \x)E M a (Z(x)) = E )l a (Z(x))+d ll d 6! (x)Ec l a (Z(x)) the first term 
is given by an invertible matrix E^ a while the second is nilpotent. Hence there exists a matrix 
E a " = E a v(Z,d u Z) such that ^[E^ h {Z(x)) + d^6 & {x)E & b {Z{x))} = 5 a b . This is tantamount 
to saying that dx^ = -E a (Z(x))E a M . Using this we may express a superspace differential 
form on M 11 in the E a (Z(x)) basis. In particular, the superform Bf b (Z) = dZ M B^ b (Z) 
on M n , Bf(Z(x)) = dZ M {x)Bf [ {Z{x)) = dx^d ll Z M \x)Bf I (Z(x)), may be written as 
Bf b (Z(x)) = E c (Z(x))B c ab . With this in mind the above considerations on local symmetries 
may be extended to the case of superforms on arbitrary eleven-dimensional bosonic surfaces. 

The new aspect that the composite structure of A3 brings to the rheonomic action is 
that the surface M 11 is now allowed to be an arbitrary one in the enlarged superspace 
S (528]32+32)( S ^ with coor dinates Z M := (y u , y ulU2 , y^-^, <T, 0' & ). With the identifica- 
tion y^ = x M , such a surface is defined by its set of embedding functions, namely, the (already 
familiar) 6 a {x) plus y^ lfl2 (x), y^ 1 " ^ 5 (x), and 0' & {x). More generally, one may define x^ to be 
local coordinates of A4 n and distinguish them from the corresponding bosonic coordinates 



y^ of s( 528 l 32+32 )(s) to define M u parametrically as 



M ll c £(528|32+32) (s) . Z M 



Z N (x) 



(5.20) 



4^ 



vr 

fll... fl 5 



y^(x) \ 



~,^1^2 



(x) 



~ 111... Ho 



(x) 



The standard D- 



-11 rheonomic action 5[^ in Eq. I|2.fifi|) with a fundamental ^3 form may 
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also be considered as an action for a spacetime filling 10-brane (p = D — 1=10) in standard 
superspace. However, some properties of this action are quite unusual for the familar p- 
branes. These include the symmetry under arbitrary changes of the surface M 11 that allows 
us to gauge all the fermionic coordinate functions 6 a {x) away to obtain the standard spacetime 
(but first order) supergravity action, the local supersymmetry with a number of parameters 
equal to the number of fermionic coordinate functions, and the fact that this latter symmetry 
still is present when the 9 a (x) are gauged away (see |14[ I15j and [22] for further discussion). 

For a composite A3, the rheonomic action can be written as an integral over a surface 
M 11 in the enlarged superspace £( 528 l 32+32 )(s), Eq. 1)5. 20|) . 

S# = [ £xx{Z M ) = [ £n(Z"(x)) . (5.21) 

This looks like an action of a brane which is no longer spacetime filling, as the dimension of 
the bosonic body of S( 528 l 32+32 )(s) superspace is 528. The functional ()5.21|) is of course the 
rheonomic action for supergravity which, due to the extra gauge symmetries, is equivalent to a 
spacetime (component) first order action but with a composite A3 field. However, the fact that 
£u(Z-^) can be looked at as a form on the extended superspace J]( 528 l 32 + 32 ) (s) suggests trying 
to search for an embedding of D = 11 supergravity in a theory defined on £( 528 l 32 + 32 ) (s). In 
particular, it is tempting to look for possible 10-brane models in £( 528 l 32 + 32 )(s). For instance, 
one might search for a superembedding condition (see |34| I43j ) of the standard E^ 11 ! 32 ) su- 
perspace (the worldvolume superspace of such a hypothetical brane) into J]( 528 l 32 + 32 ) ( s ) that 
could reproduce the on-shell eleven-dimensional supergravity constraints. Such a study is, 
however, beyond the scope of this paper. 

6 Conclusions and outlook 

We have studied here the consequences of a possible composite structure of the three-form field 
A3 of the standard CJS D = 11 supergravity. In particular, we have provided the derivation 
of our previous result JOJ by which the A3 three-form field may be expressed in terms of the 
one-form gauge fields Bf b , B^ 1 " 115 , r]i a , E a , ip a associated with a family of superalgebras £(s), 
s ^ 0, corresponding to the supergroups S(s) = $]( 528 l 32 + 32 ) (s). Two values of the s parameter 
recover the two earlier D'Auria-Fre |5| decompositions of A3, while one value of s leads to a 
simple expression for A3 that does not involve as . The supergroups S(s)E) SO(l, 10) with 
s^O may be considered as nontrivial deformations of the E(O)X) 50(1, 10) C E(0)x> Sp(32) 
supergroup, which is itself the expansion EH OSp(l\32)(2, 3, 2) of OSp(l\32). For any 
s j^z 0, £(s)x> SO(l, 10) may be looked at as a hidden gauge symmetry of the D = 11 CJS 
supergravity generalizing the D=ll superPoincare group £( n l 32 )s> 50(1, 10). 

We have stressed the equivalence between the problem of searching for a composite struc- 
ture of the A3 field and, hence, for a hidden gauge symmetry of D = 11 supergravity, and 
that of trivializing a four-cocycle of the standard D = 11 supersymmetry algebra (£( n l 32 ) 
on the enlarged superalgebras (£( 528 l 32 + 32 ) ( s ) ; s ^ 0. The generators of qH 528 I 32 + 32 ) ( s ) are in 
one-to-one correspondence with the one-form fields E a , ifj a , Bf b , ^ l "' as , rj± a . For zero cur- 
vatures these fields can be identified with the E( 528 l 32+32 )(s)-invariant Maurer-Cartan forms 
of (f(528|32+32) ^ which, before pulling them back to a bosonic eleven-dimensional surface, are 
expressed through the coordinates (x M , 9 a , y^, yW— of the J]( 528 l 32+32 ) (s) superspace. 
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To study the possible dynamical consequences of the composite structure of A3 we have 
followed D'Auria and Fre original proposal [3] of substituting the composite A3 for the fun- 
damental A3 in the first order CJS supergravity action [5J (see Sec. 12.41 for a review). We 
have shown that such an action possesses the right number of 'extra' gauge symmetries to 
make the number of degrees of freedom the same as in the standard CJS supergravity. These 
are clearly symmetries under the transformations of the new one-form fields that leave the 
composite ^3 field invariant; their presence is related to the fact that the new gauge fields 
enter the supergravity action only inside the ^3 field. 

We would like to mention here some similarities between the problem of searching for the 
composite structure of the A3 field and the treatment of the Born-Infeld fields of D-branes 
and the M5-brane antisymmetric tensor field as composite fields in [§]. Born-Infeld fields are 
usually defined as 'fundamental' gauge fields i.e., they are given, respectively, by one-forms 
A\ (£) and a two- form Ai{£) directly defined on the worldvolume W. It was shown in |5] (see 
also [ISJ) that both A\{£) and A<i{£) can be expressed through pull-backs to W of forms de- 
fined on superspaces £ suitably enlarged by additional bosonic and fermionic coordinates, in 
accordance with the worldvolume fields/extended superspace variables correspondence princi- 
ple for super-p-branes |3] (see also [23 ) . The embedding of W into S specifies the dynamics 
of the composite A\{£) and A^it) fields. The extra degrees of freedom that are introduced by 
considering A\{£) and AiijC) to be the pull-backs to W of forms given on £, and that produce 
the composite structure of the Born-Infeld fields to be used in the superbrane actions, are 
removed by the appearance of extra gauge symmetries 0, as is here the case for the composite 
A3 field of D=ll supergravity. Of course, these two problems are not identical: for instance, 
in the case of D=ll supergravity with a composite A3, the suitably enlarged flat superspaces 
S(s) = s( 528 l 32 + 32 ) (s) solves the associated problem of trivializing the CE cocycle, but a 
dynamical ^3 field requires 'softening' the (£( 528 l 32 + 32 ) ( s 0) MC equations by introducing 
nonvanishing curvatures; in contrast, the Born-Infeld worldvolume fields A\(£) and ^2(£) are 
already dynamical in the flat superspace situation considered in Nevertheless, in both 
these seemingly different situations the fields/extended superspace variables correspondence 
leads us to the convenience of enlarging standard superspace 13 . In this way, all the fields 
appearing in the theory (be them on spacetime or on the worldvolume) correspond to the 
coordinates of a suitably enlarged superspace. 

The above mentioned 'extra' gauge symmetries are also present in the rheonomic action 
for D = 11 supergravity when A3 is a composite superform. The rheonomic action for 
a fundamental ^3 (shortly reviewed in Sec. 12. 5|) is derived from the spacetime component 
first order action just by replacing all the differential forms on spacetime by superforms on 
the standard superspace, pulled back to an eleven-dimensional bosonic surface M 11 . Such 
a surface is specified by a fermionic coordinate function 8 a (x) which is also considered as 
a dynamical variable. The rheonomic action allows one, with the help of additional step 
of 'lifting' (see Sec. I2.5|) . to reproduce the standard superspace constraints of the D = 11 
supergravity (see Sec. 2.2 for a discussion and 12.31 for their relation with free differential 
algebras). In this perspective the composite structure of A3 allow us to consider M n as a 
surface in an enlarged superspace 

S (528|32+32) (s) _ A S disCUSSed in Sec. 5.3, this might indicate 

13 We further note that extended superspaces also appear in the description 1401 1§) of the strictly invariant 
Wess-Zumino terms of the scalar branes. In a similar spirit, these invariant WZ terms trivialize their charac- 
terizing CE (p + 2)-cocycles |44| on the standard supersymmetry algebras <£( D \ n \ including, of course, that of 
the D = 11 supermembrane, since its WZ term is given by the pull-back to W of the three- form potential of 
the (IA3 superspace four-cocycle. 
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a possibility of embedding D = 11 supergravity in a more general theory denned in an enlarged 
superspace. 

To summarize, the underlying gauge symmetry S(s)g) 5*0(1, 10) of the D=\l supergravity 
is hidden in the CJS supergravity with a fundamental ^3, but becomes manifest in the action 
with a composite ^3 field. However, the latter possesses also a set of extra gauge symmetries, 
due to the fact that the new fields enter the action inside the composite ^3 field only. These 
extra gauge symmetries produce that the new gauge fields, i.e. the gauge fields Bf b , B^ 1 '" 0,5 , 
r]\ a corresponding to the coset S(s)/S, carry the same number of degrees of freedom as the 
fundamental A3 field. In other words, the degrees of freedom in these fields that go beyond 
those in the fundamental A3 are pure gauge ones. One may conjecture that these extra 
degrees of freedom might be important in M-theory and that, correspondingly, the extra 
gauge symmetries that remove them would be broken by including in the supergravity action 
some exotic 'matter' terms that couple to the 'new' additional one-form gauge fields. In 
constructing such an 'M-theoretical matter' action, the preservation of the S(s)E) SO(l, 10) 
gauge symmetry would provide a guiding principle. 

A preliminary study of the local supersymmetry of the new fields shows that the preserva- 
tion of the standard supersymmetry transformation rules for ^3 implies that the pure group 
theoretical transformation rules for the S(s)/S gauge fields have to be modified. To analyze 
the structure of such a modification one can study the solution of the Bianchi identities of 
the E(s)E) 50(1, 10) gauge FDA, which is tantamount to studying the Bianchi identities for 
the superforms on £( 528 l 32 + 32 )(s) superspace. 

This brings again the question of whether D = 11 supergravity can be included in a 
superfield theory defined on the enlarged superspace 

S (528|32+32)( s ) 5 s ^ , in particular 
in a hypothetical superfield supergravity in £( 528 l 32 + 32 ) (s). A generalized supergravity in 
£(528|32) c £(528|32+32)^ superspace with holonomy group GX(32) or SX(32) was recently 
studied [S3 (in general for E^^ 1 )/ 2 !™), although with emphasis in the n = 4,8,16 cases in 
relation with higher spin theories in D = 4,6,10). A study of supergravity in the present 

£(528|32+32) ^ ^ Q) 

superspace might lead to a different result due to the presence of the 
additional fermionic variables and to the natural reduction of the GL(32) structure group of 
£(528|32) down tQ the SO(l, 10) automorphism symmetry of £(528|32+32) ^ _^ q)_ 

We conclude by mentioning that a possible composite structure for the ^3 field has also 
been considered recently |47| I48 | (see also |49j ) in a different perspective, in connection with 
the problem of anomalies in M-theory jSU] and with M-theory in a topologically nontrivial 
situation EE]- There, the ^3 field is constructed/defined using an auxiliary twelve- 
dimensional Eg gauge theory. It has been asked in [IS] whether the E% formalism is unique. 
In this respect it would be interesting to see whether the composite structure of ^3 field found 
in [3], extended to (£(s) in ^U], and developed in the present paper, could be useful in the 
context of |50ll28j . 
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